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Abstract 

Consider a divisor D with simple normal crossings in a compact Kahler 
manifold X. It has been known since the work by G. Tian and S.T. Yau that 
if K[D] is ample there exists on X\D a unique Kahler-Einstein metric with 
cusp singularities along the divisor (implying completeness and finite volume). 
We show in this article that a Kahler metric in an arbitrary class, with con- 
stant scalar curvature and singularities analogous to that constructed by Tian 
and Yau, is unique in this class when K [D] is ample. This we do by gener- 
alizing Chen's construction of approximate geodesies in the space of Kahler 
metrics, and proving an approximate version of the Calabi-Yau theorem, both 
independently of the ampleness of K [D]. 

Introduction 

In the setting of compact Kahler manifolds, the existence of smooth geodesies for 
the Mabuchi metric between any two metrics among a fixed Kahler class is strongly 
related to, and in particular implies, uniqueness of canonical metrics like extremal 
metrics or constant scalar curvature metrics, up to the action of automorphisms of 
the identity component. 

Whereas it is now known that such smooth geodesies do not exist in general, 
see |LV] . it is possible to construct less regular paths verifying the same equation in 
some more formal sense, and the difficulties arising from the lack of regularity can 
be bypassed, see e.g. |Che] when the canonical line bundle is ample, and |CT] in the 
general case, to give the expected uniqueness results. Such formal geodesies have 
nonetheless some regularity properties up to some of their second order derivatives 
(and higher order outside "small" sets), they are the unique such paths verifying the 
equation in question [PS] , and they can be approached in the appropriate topology 
by smooth paths verifying some perturbed equation. 
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In this direction, this article lies within the framework of generalizing the results 
of [Che] to the setting of Kahler metrics with cusp singularities along a divisor. 
Namely, let (X, uq, J) be a compact Kahler manifold of complex dimension m, in 
which we consider a divisor D with simple normal crossings; write its decomposition 
into smooth irreducible components as D = Ylf=i Let us endow each line bundle 
[Dj] with a smooth hermitian metric | • \j, and denote by <jj G 0([Dj]) a holomorphic 
section such that Dj = {aj = 0}, j = 1, . . . , N. Up to multiplying | • \j by a positive 
constant or a smooth positive function for those j, we can assume that \(Jj\j < e _1 so 
that pj := — log ( | a,,- 1 :•) > 1 out of Dj; notice that iddpj extends to a smooth real (1,1)- 
form on the whole X, the class of which is 2ircx([Dj]). Let A be a nonnegative real 
parameter, and set Uj := log (A + Pj) = log (A — log(|(Tj||)) . Choose Ax, . . . , A N > 0, 
and increase A if necessary; then, 

N N 

uj := uo — iddu = — (^Ajidduj j , where u = Ajiij, (1) 

j=l 3=1 

defines a genuine Kahler form on X\D, that we will take as a reference metric in 
what follows. This because if U is a polydisc of coordinates (zi,...,z m ) around 
some point of D such that U fl D = {zx ■ ■ ■ = 0} , then u is mutually bounded near 
the divisor with V fc , : — ^ 3 ^f^ , 9 , + Y^" 1 . , , idzj A dz7, and moreover has bounded 
derivatives at any order with respect to some orthonormal frame for this local model 
metric. In the same way, we shall look at u as a reference potential. Indeed, we 
state: 

Definition 0.1 Let w be a locally smooth closed real (1,1) form on X\D. We say 
that w is a Kahler metric of Poincare type in the class fl = [oJo]dR, denoted by 
w G VM n , if: 

(1) w is C°° ' -quasi- isometric to u, meaning that cu> < u' < c^u on X\D for some 
c > 0, and iV^tu^ is bounded for any j > 1; 

(2) zu = loq + iddv for some v locally smooth on X\D (the potential) such that 
v = 0(u) near D, and |V£i> | is bounded on X\D for any j > 1. 

Similarly, we denote by VAin the space of potentials of such metrics. 

One can extend the notion of Mabuchi metric, see section [L3l and endow these spaces 
with a Riemannian structure the geodesies of which are of particular interest, as in 
the compact setting. 

The main result of this article is a partial resolution of the equation of such 
geodesies, and as an application of this partial resolution and of the construction of 
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approximate geodesies, we give a uniqueness result for Kahler metrics of Poincare 
type with constant scalar curvature, provided the line-bundle K[D] is ample. Let us 
sum up these results in the following statements: 

Theorem 1 Let X be a compact Kahler manifold and D a divisor with simple nor- 
mal crossings in X . Consider the space VMq of Poincare type Kahler metrics on 
X\D relative to some Kahler class on X , endowed with its Mabuchi metric. Then 
any two potentials of metrics in this space can be joined by a continuous geodesic, 
which furthermore can be approached by C°° deformations of the segment joining 
them. There exists some uniform control on these approximate geodesies, seen as 
paths between potentials: they and their first order derivatives (in space and time 
directions) are bounded, as well as their time-time, space-time and some of their 
space-space second order derivatives, namely their complex Hessians (Theorem \2.1\ 
and Corollaru \2.2\) . 

Theorem 2 Under the same assumptions and if in addition Kx[D] is ample on X, 
then any metric lying in the space considered in Theorem^ and with constant scalar 
curvature is unique (Theorem \5 . 1\) . 

A key ingredient to proving the last point is the existence among the class of 
metrics VAAq, we consider of a metric with negative (in some strong sense) Ricci 
form, which we state as: 

Theorem 3 Assume Kx[D] is ample on X . Then there exists a metric w G VAin 
such that g(w) < —cw for some c > (Theorem \3.3\) . 

Notice that such metrics lie in VAin for any fixed Kahler class Q on X, and not 
necessarily for Q = kci(Kx[D]) with k > 0, as the Kahler-Einstein metric obtained 
by Tian and Yau in |TY1] would do. This construction typically requires an ana- 
logue of the celebrated Calabi-Yau theorem |Yau[ lAub] . and ours can be stated as 
the resolution of some Monge-Ampere equation, independently of the ampleness of 
Kx [D] . Even if we use the method of its proof rather than the theorem itself, let us 
quote it now: 

Theorem 4 Let u be a Kahler metric of Poincare type, and f G C^ C (X\D) which is 
a 0(e~ vu ) at any order for some v > 0, such that f x \ D (e — 1) vol" = 0. Then there 

exists a function <p G C^ C (X\D) bounded at any order such that (uj-\-idd(p) m = e^u m 
on X\D. 
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The class of metrics we consider calls for a few comments. A first interest of con- 
sidering such Kahler metrics with cusp singularities along a divisor is that this kind 
of singularities, at least when looking at the local model, can be reasonably well un- 
derstood, and can allow canonical metrics involving a contribution of the divisor, like 
the Tian-Yau's Kahler-Einstein metric of |TY1] . Moreover, in the very active area 
devoted to the existence of Kahler-Einstein metrics on Fano manifolds, or more gen- 
erally to the Tian-Yau-Donalson conjecture relying the existence of constant scalar 
curvature metrics among some integer Kahler class and algebro-geometric properties 
of the underlying polarized manifold, see for example [DonT], there has recently been 
a renewed interest for certain type of singular metrics, see e.g. |JMP4 IDon2t |RTJ. 
Those singular metrics are roughly speaking those with conical singularities along 
a divisor or orbifold metrics, and one of the aims of considering them is to analyze 
smooth metrics by letting the cone angle go to 2tt. Since symmetrically cups singu- 
larities can be thought of as limits of conical singularities with cone angle going to 0, 
the study of the metrics we consider here certainly takes part in this growing theory, 
as a counterpart of the study of smooth metrics. 

Now, let us give a few precisions on conditions (1) and (2) of Definition lO.il First, 
condition (1) can somehow appear loose, and certainly having restricted our attention 
to metrics with a sharper asymptotic behaviour, as in |Sze| §3.2], would have made 
more precise some analytic considerations. Nonetheless, constructing approximate 
geodesies as in Theorem 12. II in such a restricted class (in other words, getting precise 
asymptotics for approximate geodesies) seems delicate, whereas working in VAin had 
no notable drawback for this construction. Moreover, as it is not known whether one 
can ask a precise asymptotic behaviour for constant scalar curvature Kahler metrics 
of Poincare type, it might be useful to have a rather general uniqueness result at 
one's disposal. 

On the other hand, condition (2) can appear a bit artificial, and one could think 
about replacing it by the more natural 

(2') w = oj + di/j for some 1-form ip E L 2 (X\D, oj), 

and then deducing (2) from (1) and (2'). This is actually manageable, at least when 
the divisor is smooth. The main issue here is the boundedness of differentials for 
potentials, required in proving Theorem 12.11 see section 12. 2\ so we assume it via 
condition (2), which still allows us a sufficient range of examples. However, the 
control v = 0(u) can always be performed assuming only (1) and (2'), see paragraph 

MM 

The article is organized as follows. The first part of this work mainly deals with 
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examples and analytic preliminaries in the setting of what we called Kahler metrics of 
Poincare type. After recalling a model (and investigating more precisely its behaviour 
near the divisor) for such metrics (section I LID , we focus on extending quickly a few 
notions required when dealing with the geometry of a space of Kahler metrics and 
constant scalar curvature metrics, like Aubin-Yau functional, or Mabuchi's metric 
and .fT-energy. This leads us to the equation of geodesies in our spaces of metrics; 
we can also look at it on potentials, and it writes, given a path (vt)(te[o,i\) joining vq 
and vi in VAin, 

v't ~ \dv t \l vt = 0, 

as in the compact case. Let us precise that we conclude part [1] with the complemen- 
tary section [T~4"t where are generalized results like Poincare inequality and is discussed 
the control one can get when widening the definition of Poincare type metrics. 

We formally solve the equation of geodesies in part 121 (Theorem l2.ip . mostly adapt- 
ing Chen and Blocki's techniques [Che[ IBloj to our framework, particularly using a 
continuity method for a homogeneous Monge- Ampere equation on (X\D) x [0, 1] x S* 1 
derived from ([2]) (section [2. 2 1) similar to Chen's. At that point, the difficulty occurred 
by the boundary at infinity D adds to that from the boundary at finite distance of 
[0,1] x S . We nonetheless bypass this thanks to the Poincare setting, e.g replac- 
ing balls of coordinates by balls of local covering coordinates ("quasi-coordinates") in 
the (X\D) direction when reasoning locally, or using an adapted maximum principle 
(Lemma I2.9p . in which the boundary on which is usually required some nonpositivity 
is replaced by (X\D) x ({0} U {1}) x S 1 . 

In the two central parts [3] and H] we come back on X\D. In the former, we state 
our logarithmic Calabi-Yau theorem (section 13. ip , which we use in the next two sec- 
tions to construct, assuming the ampleness of Kx [D], metrics of Poincare type with 
negative Ricci forms. A weighted <9<9-lemma is also required for this construction, 
and is proved in section 13.31 As for part HJ it is devoted to the proof of the logarith- 
mic Calabi-Yau theorem, following a rather classical progression (C°, second, third, 
and higher order estimates in section 14. ip concerning the uniform control, the decay 
properties of approximate solutions being dealt with in section 14.21 

As an application of the constructions of approximate geodesies and metrics with 
negative Ricci forms, we give in the final part the uniqueness result for Kahler metrics 
of Poincare type with constant scalar curvature, provided the line-bundle K[D] is 
ample (Theorem 15. ip . This uniqueness does not need to be considered up to the 
action of some D-parallel automorphism group of X, since as explained in Lemma 
15. 2\ there is no non-trivial holomorphic vector field L 2 for a Poincare type metric 
when K[D] is ample. We conclude (section 15. 2j) by a short outline of the proof of 
the uniqueness theorem, which follows closely Chen's |Che] of the compact case. 
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A question to be studied would be the generalization of the results of |CT] to get 



rid of the ampleness of K [D] in Theorem (TJ and to get the uniqueness of constant 
scalar curvature metrics of Poincare type up to the action of automorphisms in the 
connected component of the identity and tangent to the divisor. Another question 
one can ask is that of the existence of such metrics, and of a definition of A'-stability 
for the pair (X,D), see the suggestions of |Sze[ §3.2]. 
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1 THE SPACE OF METRICS 

The purpose of this section is to give, by reference to a simple model, the definition 
and a few basic properties of Kahler metrics of Poincare type. 

1.1 Model metric 
1.1.1 Construction 

Recall quickly the construction of the model metric u; let (X, Uq, J) be a compact 
Kahler manifold of complex dimension m, in which we consider a divisor D with 
simple normal crossings with decomposition D = Ylf=i Dj smo °th irreducible 
components. Take tjj G [0([Dj]), \ ■ \A a holomorphic defining section for Dj, j = 
1, . . ., N. We can assume that pj := — log ( | cr^ | ^ ) > 1 out of Dj] notice that iddpj 
extends to a smooth real (l,l)-form on the whole X, whose class is 2irci([Dj]). Now 
let A be a nonnegative real parameter. If we set Uj := log(A+pj) = log (A— log( |<Tj ||)) , 
one has: 

Lemma 1.1 Let A > 0. For sufficiently big A (depending on A and uq), the (1,1)- 
form Uq — Aidduj defines a Kahler form on X\Dj. 



Proof. This comes from a simple computation; indeed 

— Aiddu 



Aidpj A dpj Aiddpj 



"j 



(X + Pj) 2 X + Pj 
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The first summand is a nonnegative (l,l)-form, whereas ± .V 9 3 < -fr-^>n in the 
sense of (l,l)-forms where C is such that ±iddpj < Cuq on X. Since pj goes to +oo 
near Dj, we have cu — A ^^ pj > on X\Dj when A is big enough. □ 

Choosing >1i,...,Ajv > 0, replacing Uq by -^u and increasing A if necessary, 
one has -^u — idduj > on X\Dj for j = 1, . . . , iV, hence u; := u — iddu = 

Y^f=i (^Ji^o — Ajidduj^j (recall u = J^jLi defines a genuine Kahler form on 

X\D. Now we have checked this point, we shall also see why u can be compared 
to a product (cusp metrics across the divisor) x (smooth metric on the divisor), and 
even get precise asymptotics near D. 



1.1.2 Asymptotic behaviour 

Before describing the asymptotics of u near D, let us fix the setting briefly. 
Around a codimension k crossing, D± fl • • • fl D k say, consider an open set U of 
holomorphic coordinates (zi, . . . , Zk, z k+ ±, ■ ■ ■ , z m ) G A m with A C C the open unit 
disc. The simple normal crossing assumption allows us to write DC\U — (Di U ■ • • U 
D k ) n U = {z 1 = 0} U • • • U {z k = 0}, that is U\D = (A*) k x A m ~ k , Zj = being the 
equation of Dj in U. We then have: 

Proposition 1.2 Set 



A x idzxAdz x A k idz k A dz k / ^ - \ 

u u,a = -r—rrz — 271 — P7T H 1" 1 — nr; — 271 — m + ( w - > AjiddUj Din ... 

ki| 2 log 2 (|^i| 2 ) |^| 2 log 2 (|z fe | 2 ) V V 



nD fe , 



where the last summand on the right hand side is the metric u — ^2 k= j + iAjidduj 

restricted to A^ n ... nDfc . Then \\V* UA (u - Wu,a)\\ UUiA = Ofa 1 + • • • + p k r ) for all 
P>0. 

Proof. Let us start by the k = 1 and p = case. Notice that |<7i| 2 = e^\z x \ 2 with 
some smooth (through £)) /, thus Pi = f + log(|,2i| 2 ) ~ logd^ij 2 ), dp 1 = ^ + df 
and iddpi = iddf. As a consequence, 



—iddui 



idz\ A Gbi + i{z\dz\ Adf + Zid/ A cfzl) + 




2 i<9/ A df 






2 p 2 (l + (A + /)/ Pl ) 2 



iddf 
Pi + A' 



As dominates w and 2<9<9/ is smooth, i<9<9/ is bounded i.e. —jjj^ * s a 0{Pi *) 
for we/, a- Similarly, df is bounded for w hence for uu,a, hence \i(zidz\ A df +~z~[df A 
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dz\)\ < C\dzi\ UUA = CAi 2 \zi\ 2 \log(\zi\ 2 )\, which gives a 0(p 1 1 ) after dividing by 
|^i | 2 log 2 ( | 2 ) . Again we have \zi\ 2 idf A df = 0(\zi\ 2 ), which gives 0(p± 2 ) after 
dividing by \z\\ 2 log 2 (|zi| 2 ), hence with respect to uju,a, —iddu\ = ^^^^^j^ up to 

some 0{pi 1 ). 

On the other hand u' = u>q — Ylj>2 Ajidditj is smooth on U, hence (w'-j. — 
(cj' \D 1 )jk)idZj A dzk = 0(z\) for j,k > 2, which is easily a 0(p^ 1 ), and finally 
ui'^idzi A dzk is a 0{\dzi\ Uu A ) and u'^idzi A dzj is a Oi^dzi^ ), with Icfeilu,^ = 

^i 1 ^ 2 |- 2 il | logd^il 2 ) | > thus both are easily again 0(pi 1 ). 

We use the same technique when p > 1, and simply add the developments when 
the number of Dj increases. □ 

In the k = 1 case, i.e. away from the crossings, these asymptotics clearly give a 
notion of what is the metric induced by u on any Dj away from Uj'=tj anc ^ even 
on Dj\[\.,,.Dji, looking closer and closer to but not through [Jji^jDj/. Then we 
can actually give a sharper formulation if there do exist crossings, using this notion of 
induced metrics. For instance in the k = 2 case, with D\ (resp. D2) given by z\ = 
(resp. z 2 = 0) we can show that uj = (oj\ D2 \ Dl )n + (u;| Di \_d 2 ) 2 2 + oj f \ DinD2 + 0(p± 1 pz x ) 
with oj' = uq — J2j>2 Ajidduj (smooth through D\ UD2), and C^p^f 1 /^ 1 ) understood 
at any order, which we shall denote by 0°°(p^ l p2 ). This gives rise to a recursive 
notion of metrics induced on k codimensional crossings away from crossings of higher 
codimensions. 

In this way, near the divisor, our metric is asymptotically a product of Poincare 
metrics, or cusp metrics, on punctured discs with a smooth metric, and we get back 
properties such as: u is complete, has finite volume (equal to the volume associated 
to the class of Uo, cf. section ll~3l) . and its injectivity radius goes to 0. Notice also 
that the metrics induced on the (successive crossings of the) divisor have a similar 
behaviour. 

About the standard cusp metric, notice the following, which is due to the homo- 
geneity of Poincare's half plane: let u cusp = ^p^gS^p) 011 the punctured disc, and 

for 5 G (0, 1) set <p s : |A A*, ( >->• exp ( - Then for all 5 E (0, 1), 

id( A d( 

PS ^cusp _ |£|2)2 ' 

which does not depend on 5 and is C°°-quasi-isometric to (mutually bounded with and 
with bounded derivatives at any order w.r.t. orthogonal systems for) the euclidian 
metric. Moreover cps* log ( 1 2; | 2 ) = 2yj| IiL/iL which has the size of (with fixed 
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factors). Besides cA* C U«se(o i) ^(l^) witn c > small enough (0 < c < e~ 25/r ). 
This tells us for instance that in the k = 1 case of the latter proposition, on the 
considered neighbourhood U, that there exists for all p G N a constant C p such that 



l N 
sup :j— ^ V£ uc ($«5*u; - Aiu cusp - (up-^ Ajidduj) \ Dl n-nD k 

3=1 



56(0,1) 1 



eitc 



with $ 5 : f A x A™- 1 -> A* x A™" 1 , (Ci, z 2 , . . . , z m ) ^ (<^(Ci), *2, -.,4 
1.2 Metrics of Poincare type 

The viewpoint of "quasi-coordinates" (the $5 are generally only holomorphic immer- 
sions, not charts) — see |TY1] . p. 580 — is useful to define likewise Holder spaces, 
for which the usual way of defining them is quite inconvenient because of the in- 
jectivity radius going to 0. Thus, if $ 5 : V k := (f A) fc x A m ~ fc ->■ (A*) k x A m ~ k , 
(Ci, • • • ,Ck,z k +i, ■ ■ ■ ,z m ) 1 ^ (cp Sl (( 1 ),...,(p Sk (( k ),z k+1 ,...,z m ) for 5 G (0, l) k and if 
[/ is a polydisc neighbourhood of a crossing £)i D • • • D -Dfc with U D -Dj given by 
{2. = 0}, j = 1, . . . , k, we define for / G Cf£(U\D), (p, a) G N x [0, 1[, 

||/||c*-(£/\D) = SUp 

assuming that U C (cA) fe x A m ~ k . Then given a finite number of such open sets U G 
U covering D, V such that X = VU[j UeU U and a partition of unity {xv? Xc/? U &U}, 
we define the Holder space 

C p ' a (X\D) = {fe Cg{X\D)\ \\xvf\\c^(v) + sup \\xuf\\c^(u\D) < +00} 

endowed with the obvious norm, for the same (p, a) as above. We set similarly 

C°°(X\D) = p| C p ' a (X\D). 

(p,a)eNx[0,l) 

Those spaces do not depend on the covering. In order to avoid ambiguity, let us 
precise that the Holder spaces defined above with a = are the same than the C k 
spaces defined with the help of the Levi-Civita of u, which strictly contain the spaces 
of C k oc functions on X\D with bounded derivatives up to order k with respect to a 
smooth metric on the whole X. 
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We proceed similarly for tensors; for instance for w G ^"(A 1,1 , U\D) with U as 
above, we set 

||'E7||rP.«(AM,l7\.D) = SUp || $<5*ot|| r p,a(A 1 ' 1 ,V k ) 

<5e(o,i) fc 

with the norm of §5*w computed with the standard euclidian metric, and then we 
define P^A 1 - 1 , X\D) and r oo (A 1 ' 1 , X\D) by means of a partition of unity. An 
immediate example is u G T°°(A 1 ' 1 ,X\D). Let us restate the definition of the class 
of metrics we are investigating in this paper: 

Definition 1.3 We say that a locally smooth real closed (l,l)-form u>' is a Kahler 
metric of Poincare type in the class Q of to, denoted by u>' G VAtn, if'- 

1. u' is C°° -quasi-isometric to u, meaning that cu < u' < c~ l u on X\D for some 
c > 0, and uj' has bounded derivatives in the quasi- coordinates used above (i.e. 
uj' is quasi-isometric to uj and uj' G r oo (A 1 ' 1 , X\D)); 

2. uj 1 = Uo + iddv for some v locally smooth on X\D such that v = 0(u) near 
D, and dv has bounded derivatives at any nonnegative order in the quasi- 
coordinates used above (i.e. dv G r oo (A 1 , X\D)). 

Similarly, we denote by VAin the space of potentials (computed with respect to some 
fixed u>b p G ~PA4q chosen as a base-point) of such metrics. 

Remark 1.4 Assuming condition 1. above, one can consider a class of metrics 
which is a priori wider, by relaxing condition 2. into 2'. u' = u + dip for some 



1-form ijj G L (X\D,u); we discuss this point in section\l~J\ below 



We will take again the viewpoint of quasi-coordinates below, when looking at 
weighted Holder spaces, see section |3~T1 

We have defined an infinite dimensional manifold VAin, which is a convex open 
subset of the Frechet space £ of C^ c functions on X\D which are 0(u) and with 

differential in r oo (A 1 ,X\D); hence the tangent space VAin at any point is £ itself. 
Since potentials are unique up to constants (their growth authorizes integrations by 
parts without boundary terms, use e.g. Gaffney-Stokes' theorem |Gaf] for complete 
manifolds), we take the normalization j x ^ D f vol w = to fix the tangent space S/M. 
to VAtn at a point u/. 

Before going deeper into the geometries of VAtn and VAi^, let us observe the 
following fact, which contrasts with the compact setting {K stands for the canonical 
line bundle A m > m on X and K[D) = K® [D x \ <g> • • ■ <g> \D N }): 
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Proposition 1.5 Let u' be a metric of Poincare type. Then its Ricci form is in 
r oo (A 1 ' 1 , X\D), and is L 2 (X\D,u))-cohomologous to some (any) smooth real (1,1)- 
form of -2tt Ci (K[D]). 

Proof. By definition and according to Proposition ll.2l we can write (u') m = j^n — j .|/i og 2(| 

with / G C°°(X\D) and bounded below by some constant c > 0, that is log/ G 
C°°(X\D). Thus on X\D, 

N N 

Q*> = +Y, id 9^s(Wj\j) + 2 J]^log (log(h|f)) - iddlogf. 

3=1 3=1 

Now for j = 1, . . . , N , iddlog(\aj\?) extends to a smooth form of class —2irci([Dj]), 
so that Qu + J2f = iidd\og(\o-j\ 2 ) extends to a smooth form in — 2t:c\{K[D\). Finally 

^d c (2J2f=i^°S (l°S(l°j'l|)) +l°g/) is bounded hence L 2 for u, and its differential is 
r oo (A 1 ' 1 ,X\D), hence the result. □ 

1.3 Geometry of the spaces of metrics and of potentials 

Let us now give a brief list of objects defined on VAtn and VAin necessary to our 
study, who share similar properties to their homonyms defined in the compact case 
(see |Gau[ ch.4] for a review of this subject): 



The volume. We already know that the metrics u v = u^p + iddv G VAin have 
finite volume; in fact, they all have the same volume, Vol say, which is also 
that attached to Q. Indeed, taking ut, p = u (potentials are only translated in 

£), it is easy to see that for any v G VA\q, u m = (oo v ) m + dO v with Q v a 
polynomial in u v , d c v and iddv, which is therefore bounded (for u say), as well 
as its differential, and hence f x \ D dQ v = by Gaffney-Stokes. Since the u G £, 

we get in the same way that Vol = ^j[o;o] m = ^j^ m - 

Aubin-Yau functional . For the same reason linked to integrations by parts 
as for the volume, the 1-form vol : v h-> {/ i— >■ ^ j x ^ D f\o\ UJv } defined on 

VAtn is closed, hence gives rise to a functional called JP on VAin we fix 
saying it vanishes at 0. Moreover is M-equivariant (compute {v) using 

the path (£u) te r ji from to v), thus we can identify VAin to cy f~ 1 {0) in VAin- 

Mabuchi metric. One can give VAin and VAin Riemannian structures writing 
(fi, f 2 )v = J X \ D hh v ^ v , or (f u f 2 ) u , = ± J X ^ D fj 2 vol"' when f x ^ D f 3 vol"' 
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0, j = 1, 2. Those metrics give an isometry "RMq 9d4 (v — J? [v\ ^(v)) G 
VM n x R. 

T7ie equation of geodesies. Denote by u G S((X\D) x [0,1]) a function on 
(X\D) x [0,1] such that for all t, v t et v t G £, or even < CfcU and 

I d fc V J 't) 



< Cfcj- for all k > 0, j > 1 and V the Levi-Civita connection of u; 



I dt k _^ 

a segment in PA^n clearly verifies those conditions. Then such a function can 
be seen as a path in VM.Q if Wo + i<9<9t>i G VAin for all i G [0, 1], and is a 
geodesic for the Mabuchi metric iff 

v t -\dv t \l t = 0. (2) 

• The mean scalar curvature. Once again integrations by parts work as in the 
compact case and tell us that the mean scalar curvature ^ Jx\d s ( w ') v0 ^ * s 
the same for all u>' G VAiu. If this quantity is denoted by s, due to Proposition 
11.51 one nas 

• Mabuchi K -energies. Again, the 1-form s : i) 4 {s„ : / i— > f x ^ D f(s(u) v ) — 

s) vol^" } is closed on VA4q hence gives rise to a functional E that descends 
to a functional E on VA4q. They are called i^-energies, and one can fix them 
saying they vanish at the base-points considered above. Their critical points 
are (potentials of) constant scalar curvature metrics. Moreover, if one considers 
a path (v t )te[o,i] G E[(X\D) x [0, 1]) of potentials and sets E : t i— >■ E(t), then 
one can show: 

Proposition 1.6 For all t G [0, 1], 

E(t) = 2\\V-dv t \\ 2 Li -/ {v t -\dv t \ 2 Vt )(s Vt -s)vol^. (3) 

Uvt JX\D 

where V~ is the J- anti-invariant part of the Levi-Civita connection of u Vt acting on 
1 -forms. 

The latter formula illustrates the importance of geodesies, because along such 
paths the i^-energy would be convex. Now take a path (t> 4 ) G £((X\D) x [0, 1]), and 
look at it as an element of £((X\D) x [0, 1] x S" 1 ) (similar definition) independent of 
the last variable, s say, and set $(z, t, s) = v t (z) for all (z, t, s) G (X\D) x [0, 1] x S 1 . 
Give S := [0, 1] x S 1 its natural complex structure. Then an easy computation, see 
e.g. |Sem] . or [Che], p. 197, gives: 
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Proposition 1.7 The path (vt)te[o,i] ^ s a geodesic iff 

(pr MD * Wbp + ^$) m+1 =0, (4) 

where operators d and d are those of (X\D) x S. In other words, the datum of a 
geodesic on VAin with extremities Vq and v\ is equivalent to that of a function $ 
in £((X\D) x EJ which is S 1 -invariant, which verifies equation (J4J) and boundary 

conditions $(-, r, •) = v T , r = 0, 1, and such that for all (t, s), $(•, t, s) E VM.n- 

The solutions we can get for equation (jlj), and hence the "geodesies" we can get 
on VAin, are the purpose of the next part, to which the reader can jump directly, 
next section being devoted to complementary considerations for a priori more general 
metrics. 

1.4 Analytic complements in Poincare type metric 

With the auxiliary aim of proving that metrics which are C°°-quasi-isometric to u 
and in the same L 2 cohomolgy class are actually precisely those of VMq when D is 
smooth, we develop here a few basic tools for analysis in Poincare type metric, some 
of which are also used in part HI For k > 1, a G [0, 1], let us define 

£ k ><* ={vE Cf o ' c Q | v = O(u), dv E r fe_1 ' a (A 1 )}. (5) 

The result we get in this section states as: 

Proposition 1.8 Assume D smooth. Letr/ E r fc,Q (A 1 ' 1 ), (k,a) E Nx(0, 1), an exact 
(1, l)-form one can write as dip with ip E L 2 (X\D,u) . Then there exists v E £ k+2 > a 
such that rj = iddv. 

As an immediate corollary we have: 

Proposition 1.9 Assume D smooth. If u' is C°° -quasi-isometric to u and in the 
same L 2 cohomolgy class, then uj' writes as uj + iddf, with ip E [j k a £ k ' a , that is: 
co'eVMq. 

We first solve the equation A u v = f with f E L 2 and j x ^ D f vol w = 0, and for this, 
establish a Poincare inequality for (metrics quasi-isometric to) u> ( §1.4. 1ft . Then we 
take / = —2^(7)), and show that iddv = rj ; we also get the control v = 0(u), and 
from classical elliptic theory, v E uC k+2 ' a (X\D) follows ( §1.4.21 and |1.4.3p . So far 
we do not need D to be smooth, but assuming this we can improve regularity to get 

v e £ k+2 ' a ( grop . 
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1.4.1 Poincare inequality 

We consider a metric g quasi-isometric to the model u of the section 11.11 In 
order to solve in H 1 = H 1 (X\D, g) the equation A g v = f, where / is L? and 
has zero mean, by the classical variational method (minimization of the functional 

{ v ^ \ Ix\d \d v \ 2 g vor9 — Ix\d v f y0 ^ 9 } 011 zero mean functions), we show for g a 
Poincare inequality: 

Lemma 1.10 Assume X\D is equipped with a metric g quasi-isometric to the met- 
ric 00 defined by (Tjp. Then there exists a constant Cp > such that for all v G 
H 1 (X\D,g) verifying f x ^ D vvo\ 9 = we have 

[ \v\ 2 vo\ 9 < C P [ \dv\ 2 g vol 9 . (PI) 

JX\D JX\D 

Proof. Start, for simplicity, by the case where D is smooth. We cover it in X with 
open sets of coordinates Uj, j = 1, . . . , M, of the form {\z\ < a} x A m_1 , so that 
D H Uj = {\z\ = 0} . Consider also a neighbourhood U of D such that U C Ujii Uj. 
Let v G (U\D) such that v\gu = 0. We are first seeing there exists c > such that 
for all j, Jij.\ d \v 1 2 vol 9 < c ju ^ D \dv\ 2 \o\ 9 . We can assume, up to modifying c, that 

g restricted to Uj\D writes rpSnm + ds 2 , with ds 2 the euclidian metric on A m_1 . 

Now change the coordinates by setting t = log(log 2 (|;z| 2 )) G (A, 00) and 9 = argz G 
S 1 ; g becomes dt 2 + e~ 2t d9 2 + ds 2 , with volume form e~ l dtd6ds. Thus j v \v \ 2 vol 9 = 

J 5 i xA m-i d9ds J^°° Iv^e^dt (resp. f v \dv\*vo\ 9 = f s i xAm -i dQds J^°° \dv\ 2 g e- l dt), 

and we just need an inequality J^°° |t>| 2 e~*<it < c f^°° \dv | 2 e~*<it for all (9, s) to 
conclude. Moreover, since \dv\ 2 = (d t v) 2 + e 2t (dev) 2 + \d& m -iv\ 2 s2 > (d t v) 2 , an 
inequality J^°° v 2 e~ t dt < c j A °^ \dtv) 2 e~ l dt for all (9, s) still suffices to conclude. 

Set w(t) = e~ l ; if ' stands for dt, wen the have (v 2 w)' = 2vv'w + v 2 w' = 2vv'w — 
v 2 w, hence by integrating with fixed 9 and s, = 2 f~^°° vv'e^dt — J^°° v 2 e~ t dt 
because v = on {t = A} and for t big enough. We rewrite this as: 



2 --*tft = 2/' vv'e- t dt<2( I v 2 e- t dtY( ! + °° v' 2 e- l dt V2 



+00 

./a 

by Cauchy-Schwarz, hence f^ 00 v 2 e~ t dt < 4 f^°° v' 2 e~ t dt, which ends the first point 
of demonstration. We then have: 

M „ M 

' ' |2 



I H 2 vol s <V/ \v\ 2 vol 9 < cf" [ \dv\ 2 g vo\ 9 < Mc [ 



|^| 2 vol 9 , 

U\D 



(6) 
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as soon as v G C™(U\D). 

Now seek a contradiction, and take a sequence of functions ft G C£°(X\D) 
violating the theorem; we thus can consider that 

• for all j, j XXD ft vol 9 = and J X ^ D f 2 vol 9 = 1; 

• lam,-..*, J X ^ D \dft\ 2 g vol 9 = 0. 

Observe that (fj) is bounded in H 1 (X\D, g), hence up to an extraction converges 
weakly in H 1 (X\D, g) to a function / G H 1 (X\D, g). In particular ||d/||L2(_ x -\D,g) — 
0, that is to say / is constant, since the dfj tend to in L 2 . Now finally, by weak L 2 
convergence, j x ^ D / vol 9 = linx^oo j x ^ D fj vol 9 = 0, hence / = 0. 

Take e > small, such that 3e 2 < (Mc) _1 say, and a domain V CC X\D wide 
enough so that U c CC V and there exists a smooth cut-off function x equal to 1 on 
U c , on V°, and such that < x < 1 e t l^xlg < e - F° r all J se t u j — (1 ~~ x)/j and 
= x/j so that «j € C™(U\D), (Wj)|aj7 = 0, vj G C~(V) and ft = Uj + Vj. Thus 
for all j, 

/ ffvo\ 9 <2([ u 2 vo\ g + [ v 2 vo\ 9 )=2([ u 2 vo\ 9 + [ v 2 vo\ 9 ). 

Jx\D \Jx\D Jx\D ' \Ju\D Jv ' 

Now on the one hand, (vj) converges weakly to in H 1 (V, g) — just see that for all 
test function ip (resp. test 1-form a) on V, XV is again a test function (resp. x a a 
test 1-form and (dx, cx) g a test function) — and since V is compact with boundary, 
we can assume (forgetting another extraction) that (vj) strongly converges to in 
L 2 , necessarily to 0. 

On the other hand, according to the beginning of this demonstration, for all j we 
have 

/ wfvol 9 <Mc[ I c^. I j; vol 9 

JU\D JU\D 

= Mc(f X 2 \dft\ 2 g vo\ 9 + / f 2 \d X \ 2 g vo\ 9 +2 [ ftx(dft,d X ) g voA . 

\JU\D JU\D JU\D J 

In the latter line, the first integral is bounded above by j x ^ D \dfj\ 2 vol 9 which tends 
to 0; the second one by e 2 f x \ D ff vol 9 = e 2 , and the third by the square root of the 
first two. It thus follows that f x \ D f 2 vol 9 < 2Mce 2 < 1 when j is big enough, a 
contradiction, hence the theorem for C^°(X\D) functions, and then for if 1 (X\D,(?) 
functions by density. 
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Now let us consider the case where D admits crossings. If we have an inequality 
for smooth functions with a compact support near D like ([6]), the end of the argument 
will apply unchanged. To get this inequality though, cover D with polydiscs of coor- 
dinates Vk = {\z\ < ctfc} fc x A m ~ k (cifc < 1 to adjust) such that D is given in those by 
{zi ■ ■ ■ Zk = 0}. One point is that to get the desired inequality with U an open set rel- 
atively compact in the union of our polydiscs, it is enough to show such an inequality 
for functions v G C%°(Vk\D) with v = on {\z\\ = a^} D • • • PI {\zk\ = dk]- But this 

we can do assuming g is the product metric j^j^^|2) H h M^SC*! 2 ) + ds2 > le - 

dt 2 -\ h dt 2 k + e~ 2tl d6 2 H h e~ 2th dQ\ + ds 2 where t, = log(log 2 (|^| 2 )) G (A k , oo), 

Q\ = aigzi e S 1 , I = l,...,k. Finally, express (ti,...,t k ) in polar coordinates 
(r, (pi,..., (Pk-i), <Pi, <Pk-i G (0, tt/2), r G (r(^i, . . . , <p k -i), oo), and do the same 
integrations by parts as above with ' standing for d r in order to conclude. □ 

1.4.2 Resolving At> = /; a <9<9-lemma 

Take a metric g quasi-isometric to the model metric u of (pQ). As a corollary of 
Lemma [1.101 every f £ L 2 with zero mean for vol 9 admits a H 1 function v such that 
A g v = f, unique as soon as f x ^ D vvol 9 = 0. Moreover, v is Hf oc by local ellipticity 
of A g if one assumes more regularity on g. Actually: 

Lemma 1.11 (Sobolev estimate on X\D) If g is C°° -quasi-isometric to uj and 
A g v = f with v G H\ f G H k , k > 0, J X ^ D f vol 9 = 0, then v is m H k+2 (X\D,g). 
If f x \ D v vol 9 = then ||i;||_h*+2 < Cfc||/||^fc for some constant C k depending only on 
g and k. 

Proof. Even if the idea of the proof is rather simple, it is more complicated to write it 
down completely in a brief way. Let us nonetheless give a few indications to see how 
it goes. First, for v and / as in the statement, an integration by parts shows ||dt>||! 2 = 
f x ^ D vf vol 9 < \\v || l| 1 1 /| | £2, so that if f x ^ D vvo\ 9 = 0, Poincare inequality ( JPTI) for 
g gives | ] f 1 1 x,g < Cp||/IU 2 - Secondly, since A g is elliptic on any relatively compact 
domain V in X\D, standard Sobolev estimates on balls tell us that v G H k+2 (V,g) 
and that there exists some Cy,k such that ||v|| fl -fe+2(v, g ) < Cv,k(\\f\\H k (x\D, g ) + IklU 2 )) 
which is less than (Cy,k + Cp)\\f\\ H ktx\D, g ) when v has zero mean. 

So that there remains to estimate the L 2 norm of v on a neighbourhood of D. 
Assume for simplicity that D is smooth and k = 0, and suppose it is as usual covered 
by polydiscs of coordinates U = (cA) x A m_1 with c a small constant, with D given 
by Z\ = 0. Since g is C^-quasi-isometric to u, we can replace it by g CU sp + ds 2 on 
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U\D. Now since the pull-backs by the $5 introduced in §1.1.11 of this latter metric 
are all same, go say, the game is to express the H l norms on the U\D with the help 
of H l norms on the pullbacks. Namely, it is possible to find a sequence (Si) increasing 
to 1 and two constants cj, C2 such that for any Hf oc function w on the considered 
sets, if V denotes the polydisc |A x A m_1 , 

x 1 00 ^ 

||V>|U |(C ^\ C) < # llVWllzyf*, = Cl J2 27l|V^(^^)|| i|o( i p)) 

j = 0,1,2, i.e. \\w\\ H 2 (c/u \ D) < ciJ]/=i^ll^i* w IL 2 /l-px with c' > small indepen- 
dent of the covering, and conversely 



'|Ul(C/\D) > Ca^-yH^ 



|^||L|(l/\D) >C 2 11**1 W II^ (P)- 

Z=l 

Now, the standard Sobolev estimate on V for go sa Y s there exists some constant 
C > such that for every I, \\$ Sl *v\\ ± v) < <7(||A fl0 (V^)llLg (7>) + || V V IU§ (7>)) 

= C (I I &s*f || z,2 (p) + ll^fy*^ IU^cp)). Then take the weighted sum over I with weights 
ji to get ||v||fla(^i7\u) < C1C2 1 C(||/|| jL 2 (c/ \ Z)) + \\v\\ L 2 {u \ D) ). To conclude take enough 
of those U so that D is covered by the c'U, take V wide enough and collect the 
inequalities. □ 

We are now able to state a dd-lemma adapted to metrics "roughly" of Poincare 
type: 

Proposition 1.12 (<9<9-lemma on X\D) Any real square integrable exact (1,1)- 
form 7] such that rj = dip with ip a C^ c square integrable 1-form writes iddv with v 
in H 2 fl Cfo c , unique up to a constant. 

Proof. This is classical. First, take v as the only possible candidate (with zero mean), 
that is the solution of A^v = —2ti w (dip). Then consider the 1-form £ := ^d c v — ip. 
Since by construction, tr w (o?£) = 0, at every point one has the identity d£,Adl;Auj m ~ 2 = 
— m (ra-i) Co ' m - But the left hand side term can also be written d(£ A d£ A tu m ~ 2 ), so by 
Gaffney-Stokes' theorem |Gaf] (£ A d£ A co m ~ 2 and d(£ A d£ A cu m " 2 ) are L 1 since v 
is if 2 for to according to Lemma f 1 . 1 1 [) . its integral over X\D is zero, hence = 
i.e. iddv = rj. The only point to be verified is that j x ^ D tr 1 ^ (dip) voP" = 0, but 

this is guaranteed by the formula ti^ (dip) vol w = dip A ^zj)] an d one more use 
of Gaffney-Stokes' theorem. The local smoothness of v is due to local ellipticity 
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of Au, and actually this is a standard fact that for every (p,a) G N x (0, 1) and 
relatively compact domain V CC W, there exists C = C(p,a,V,W) such that 

IH|c*+2.«(y) < c(||?7|| L 2 + ||77||cp. a (w))- n 

1.4.3 Control on the potentials growth 

Our <9<9-lemma provides potentials for Kahler metrics of Poincare type, in H 2 fl 
Cf£ c . Of course such potentials are not bounded in general (for example with a small 
enough in absolute value, u + aiddu is of Poincare type whereas au is not bounded 
- recall that u is defined by formula (pQ)), we can still get some control on their 
growth near the divisor. 

Lemma 1.13 Let f G C°°(X\D) have zero mean against vol 1 ^ — for instance, f = 
— 2tr^(u/ — (J) with u' a metric roughly of Poincare type in class of u. Then if 
v G C™ c fl H 2 is a solution of A^v = f — in the example, iddv = uj' — u — , there 
exists C such that \v\ < Cu. Moreover, if v also has zero mean, then one can take 
C = C ||/ 1| c°(x\D) with C depending only on u>. 

Proof. There is no loss in generality in assuming that A% = ■ ■ ■ = = 2 in defining 
formula ([T]). Now for j = 1, . . . , N, take A > and set Uj = log (A + Pj) so that 

(A + p 3 ) 2 A + Pj 

In view of Proposition II. 2l and since iddpj is smooth through Dj, it is clear that given 
e > 0, when A is big enough then A^Uj > —e on X\Dj, and A^Uj = 1 + O^pJ 1 ) 
near Dj. So taking e small enough and A big enough ensures that there exist a 
neighbourhood U of D in X and some constant c > (which we can take arbitrarily 
close to 1 after adjusting e, A and U) such that A^ii > c on U, where u = Y^jLi^j- 
Notice that u and u are equivalent near D. 

Now write Vo = X\U, take domains V p , p > 1, such that (V p ) p >q is an increasing 
exhaustive sequence of compact domains of X\D, and set finally U p = U C\V p for 
all p > 0. On the other hand, set tp := ±v — Cu — A, where C is chosen so that 
A^tp = ±/ — CA w u < on U\D (so C depends only on ||/||c°) an d A is chosen so 
that ip < on dU (so A depends only on ||/||c*° an d on ||u||c°(c/)> which is controlled 
by || /||c° provided v has zero mean). 

Consider for p > the solution ip p of the Dirichlet problem 

A^tfip = A^tp on U p 
<p p = ip on dU 
<p p = on dV p . 



18 



The space of Poincare type Kahler metrics on the complement of a divisor. 



By the usual maximum principle those p p are nonpositive on their domains U p . 
Suppose (some subsequence of) (p p ) p >o converges almost everywhere to (p ; then 
p < 0, i.e. ±v < Cu + A and we are done. So we want to control the p p in some 
Sobolev space in order to get some convergence in a smaller space. 

Set Op = ip on dll and on dV p . The techniques used to show Lemma 11.111 
generalize to show that ip p is H 2 and there exists a constant C independent of p such 
that 

\Wp\\h*{u v ) < C (IIA^pH^^) + \\p p \\ L 2 {Up) + \\0 p \\ L 2 {aUp) ) . 

Now ||A w ^|| L2(c/j)) = \\f\\ L 2(u P ) < \\f\\i?(x\D), and \\9 p \\mau P ) = \\<p\\&(du), which do 
not depend on p (and are controlled by ||/||c )- ft remains to estimate H^H^m \. 
Decompose p p into ipp+Xp where ip p = on dll p and Xp is harmonic on U p . Then Xp is 
nonpositive and reaches its infimum on dU p , so that ||XpIIl 2 ((7 ) < |i n f<9(7 V 9 ! -Vo^f/) 1 / 2 . 

Finally, J v \dij) p \u vo ^ = Jiy v °l w — Jjy i>pf vof 3 . But ^ extends to an 

i/ 1 function on X\D declaring it is on (X\D)\U P , so that if a p is its mean on 
X\D, 

[ - a p f Yor <C P [ \di; p \l vol- = C P [ |# p |* vol- . 

JX\D JX\D Ju p 

As J XXD (^p - a p ) 2 vor = Salvor -a 2 p Vol(X\D) and \a p \ < ^g!||^|| i2{c/p) , 
we get, going back up those inequalities that 

W\*<P P ) < C P (l - y Q ^\D)) Wf^HU P )<Cp(l- y ™^ D) ) \\f\\L H X\D), 

which does not depend on p. So the ip p = ip p + Xp are -^-bounded in their domains, 
and the bound, C say, does not depend on p. 

A diagonal extraction gives us the weak convergence in all the H 2 (U P ) and strong 
convergence in the if 1 (f/ p ) of a subsequence of (p p ) to some <p' lying in n p >o H 2 {U P ). 
Moreover ||y>'|| #2 (i/\.d) = sup p II^'Hh^c/j,)) and each H^'H^^ ) is less or equal than the 
liminf of the ||Vg||j? 2 (c/ ) when q goes to oo, quantity bounded by C, so: H^'H^ft/) < 
C < +oo. It is not hard to see that p>'\au = ¥>\du and A^ip' = A^p on U because 
the equality p p \au = <p\gu (resp. A w <p p = A^p on U q ) holds for every p (resp. every 
p > q). So ip and p' are two H 2 (U) functions satisfying the same Dirichlet problem 
on U, so by iJ 1 (f/) uniqueness, ip' = p, that is: p is (up to an extraction) the L 2 -limit 
of (ip p ) on any U q , so (up to another extraction) p is almost everywhere in U the 
limit of this sequence of nonpositive (ip p ). □ 
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1.4.4 The smooth divisor case: proof of Proposition 11.81 

We assume now that D is smooth, and reduced to one component for sake of 
simplicity (what follows easily generalizes to the case when D has several disjoint 
components). We start from the following fibration: 

S 1 >Ma\D (7) 

q={t,p) 
[A, +oo[xD 

Let us explain it briefly. The tubular neighbourhood Ma of D, with projection p, is 
obtained from the exponential map of a smooth metric on X, e.g. ojq. The S 1 action 
comes from the identification of Ma with a neighbourhood V of the null section of 
the holomorphic tangent bundle N D = Tlfi ^ , and leaves p : Ma — V C N d — > D 
invariant. The part t of the projection q in (J7j) is obtained from u = log ( — log(|cr| 2 )) 
we make ^-invariant (we take for example the mean of \a\ under the S 1 action) 
near the divisor and extended smoothly away; it is easy to see that t = u up to a 
perturbation which is 0{e~ t ) as well as its derivatives at any order (for u). Finally, 
A et M A are adjusted so that Ma\D = {t > A} C X\D. 

One associates to the circle action on Ma a connection 1-form 77, as follow: if g 
the metric associated to u and T the infinitesimal generator of the action, of flow 
$ s , we set at any point x of Ma 

where S* 1 in the last integral is the fiber q^ 1 (x). In this way, for all x G Ma, f q -i( x ) V = 
2tt. 

Moreover, if one considers around a point of D a neighourhood of holomorphic 
coordinates (zi, ... , z m ) such that D is given Z\ = 0, one ha rj = d9 up to a term 
which is 0(1) at any order for u>. We then have: 

g = dt 2 + e~ V + p*g D + O (e-*) (8) 

with go the metric associated to ojq\d, and the perturbation 0(e~*) is understood 
at any order for to. This means for example that Jdt = 2e~ tr i] + 0(e _t ), the 0(e~*) 
understood as well. 

One can use furthermore the fibration (J7J) as follows. Let / G C k,a {X\D}\ we 
write the decompositions 

/ = (n /)(t, z) + n ± / = hit) + }\{t, z) + n ± / (9) 
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where z = p(x), with : 

(IV)(M) = ^/ f V et / (t) = -1— f f(t,z) vol**, 
2tt Jq-l {x ) Vol{D) J D 

and Vol(D) computed with gz>, hence equal to H ^^, , or 

Using flS} and the definition of C k > a (X\D), since the fibers S are of length 
equivalent to e _i for g, it is easy to see that on an open set of coordinates as above 
and for all j < k, 

T>ij-i(n ± f) =0(e-( fc - £+ ^) 

as soon as T>gj_£ denotes a product (j — t) factors of which are equal to e t de, and I 
factors are among {r| logr|<9 r , d Z/3 , d z „, (3 > 2}, where r = \zi\. 

Having said this, we come to the promised proof. Now according to §1.4.11 to 
ll.4.3[ we know that v G H k+2 and v G tC k ' a (we know that v = 0(t); we get that 
v G tC k ' a by Schauder estimates in a system of quasi-coordinates). 

To see that v G S k+2 ' a , we consider the Dirichlet problem: 

A w w = g in Af A \D, 

w = on dAf A = {t = A} 

with g G C k ' a {J\f A \D) and w G tC k+2 ' a (J\f A \D) (obtained by exhaustion). Indeed if 
7 is a smooth cut-off function equal to 1 on {t < A} and vanishing on A/a+i, we get 
v as v int + v ext , with 

(A^)v + 7/ - 2(d7, dv) u in X\N A+1 , 
on QA/^+i = {t = A+ 1} 

and 

(-A u i)v + (l--y)f + 2(d 7 ,dv) u inM A \D, 
on OA/a = {t = A] 

(the right-hand-side members being controlled by ||/||c fc . a 5 since for all C there exists 
K = K(C) such that ||t>||c*+2,c«o\/- ) < i(T||/||c»fc.a), and i>j nt , f ex t extended by 0. The 
role of v ext will be played w, whereas g will play that of (— A w 7)t> + (1 — 7)/ + 
2(^7, dv) u . 

We introduce the subspace 

J***> = { ve c k £{M A \D)\v = O(t),d t v G C k+1 > a (Af A \D) ; 

v u U ± v G C k+2 > a (Af A \D) ; v\ t=A = 0}, 
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of tC k,a endowed with the obvious norm, and we assume A big enough so that 
Ah — A w : J rfc + 2 ' a — y C k ' a (NA\D) has a sufficiently small norm, where h is the 
metric 

h = dt 2 + e~ 2 V +p*g D - 

(compare with the asymptotics ([8])). If one shows that : J^ k + 2 > a — >. C k,a (NA\D) is 
invertible of inverse Gh, with \\Gh\\ remaining bounded if A increases, a perturbation 
argument will tell us that A w is also invertible ; one writes A w = A^(l — Gh(Ah — 
A^)). In the final analysis, there remains to see that the solution of 

A h w = g in J\f A \D, 

w = on dj\f A = {t = A} 

which is in tC k+2,a (NA\D) is in J rfc+2 ' a . Observe that A^ respects decomposition 
([9]), hence AhWo = go, AhWi = g\ and Ahili^wi) = Hj_g. We also show that the 
component Wq has bounded derivative, and that the other two are bounded and with 
bounded derivatives: 

• Wq\ the condition vq(A) = 0, as well as the identity A^Wq = — {d 2 — d t )wo give 

/+oo 
e- s g (s) ds = 0{l) 

and 

e s ds J e~ u g (u) du = 0(t). 

Those formulas clearly give the norms of Wq and d t Wo are controlled by ||<?|| 
independently of A. 

• W\\ set a{t) = J D Wi(t, -) 2 vol 9D ; if one shows that a{t) is bounded, then the 
classical theory will tell use that w\ is bound (with an effective bound coming 
from that of a(t)). Now d t a{t) = 2 j D wi{t,-)d t Wi(t,-)\o\ 9D and d 2 a{t) = 

2(j D w 1 (t,-)d 2 w l {t,-)vol 9D + j D (<9>i(t,-)) 2 voF D ). In this way: 
(d 2 - d t )a(t) > 2 / Wl (t, -)(5>i(t, ■) - dtwx(t, ■)) ™\ 9D 

JD 

= 2 [ w 1 (t,-)(A D w 1 (t,-)-g 1 (t,-))vo\ 9D 

JD 

= 2 [ \d DWl (t,-)\ 2 vol to -2 / Wl (t,-) gi (t,-)voV D 

JD JD 

> ca(t) - C(g)a(t)^ 2 , 



22 



The space of Poincare type Kahler metrics on the complement of a divisor. 



where we go from the first to the second line by noticing that A^fi = — (d 2 — 
dt)wi+Ag D Wi, with c coming from Poincare inequality for go (one has J D W\(t, •) vol 9D = 

0), and C(g) is the supremum of ( J D gi(t, -) 2 vol 913 )^ 2 . According to Lemma 
11.141 following this proof, this inequality forces a to be bounded, and a(t) < 
(^) 2 . In other terms, the L 2 norm of W\ on each {t} x D remains bounded, 

and is smaller than < C"||/|| c .fc, a /2, C independent of A, hence an analo- 
gous estimation on 

• H±w : as Tl±g G e~ ( - a ^ 2 ^ t C k ' a ^ 2 , according to the weighted analysis in |Biq|, 
H±v is in e -/ 3 *(7 fc + 2 . a / 2 f or some j3 > 0, and in particular is bounded, as well as 
its differential. We also have that C 1 is controlled by Hgllc^; independently 
of A. 

The classical elliptic theory gives us that w G J rfc+2 > a ) with ||u>||jrfc+2, Q < C||(7||c fc > Q (A/A\.D)> 
C independent of A (one applies Schauder estimates on balls B of quasi-coordinates 
to w to which is subtracted its mean on B; this gives a family uniformly bounded in 
C°, since w has bounded derivatives), which ends the proof. □ 

We close this part with the statement and the proof of the lemma used in the 
previous proof: 

Lemma 1.14 Let b a nonnegative Cf oc function on [A,+oo[, vanishing at A. We 
assume that b = 0(t@) for some (3 > 0, that b, d t b and d 2 b are L 1 for t~ l dt, and that 

(d 2 -d t -c)b>-Cb 1 ^ 2 , (10) 

with c > 0, C > 0. Then b is bounded above, and sup b < (^) 2 ■ 

Proof. Assume that b is not identically 0, and that (3 < 1, so that b = o(t). Then 
b £ '. t i — y b—s(t—A) goes to — oo after reaching its upper bound at a point t £ G]A, +oo[, 
and this for all e > 0. At such a point, d 2 b(t £ ) = d 2 b £ {t £ ) < and d 2 b{t £ ) = 
d 2 b £ {t £ ) +e = e. From flT^, we hence have that cb{t £ ) < Cb\t £ ) 1 / 2 -s< Cb{t £ f/ 2 , 
that is b(t £ ) < (f ) 2 

Now, at fixed t, b(t) = lim £ ^ b £ (t), and for all e > 0, b e (t) < b £ (t £ ) < b(t £ ) < (f ) 2 , 
d'ou b(t) < (^-) 2 - This holding for all t, we have that b is bounded above, with the 
announced bound. 

There remains to see that we can take (3 < 1. Set B(t) = —{d 2 — d t — c)b(t) on 
[A, +oo[. This can be integrated into 

rt r+oo 
b = e ut / e^~ u)s ds / e-^ u B(u) du, 

J A Js 
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with fi > v the roots of X 2 -X-c (ji>l,u< 0). Now by (JI0]), B(t) < C't^ 2 , hence 
J t +0 ° e~>* u B{u) < C'tPPe-i*, etc., hence b = 0{t p l 2 ) (since b > 0). We concludes by 
an immediate induction. □ 

The remaining question is the following: 

Question. Does Proposition 11.91 hold when D has simple normal crossings ? 

Actually, using integral formulas like (ITT)) below and the fact that components 
orthogonal to the constants on the ^-fibers around the divisor have a harmless 
behaviour, there is not much difficulty seeing that the differential of such a potential 
has its component in the normal directions to the divisor bounded. However it seems 
delicate to adapt our proof of Proposition 11.81 in the normal crossing case. 

2 Resolution of the homogeneous Monge-Ampere 
equation on the product (x\d) x e 

2.1 The theorem and its interpretation in terms of geodesies 

The result we get in the present part is: 

Theorem 2.1 Equation (J3J with boundary conditions and S 1 invariance admits a 
solution in the sense of currents. More precisely, this solution is the increasing 
limit of C oc ((X\D) x Sj and S 1 -invariant deformations $ r of the segment H : = 
((1 — t)v + ^i) t6 r x y satisfying the equations 

(p r x\D* w fep + idd$ r ) m+1 = cr^dw A dw A {v^x\D* UJ b P ) m (11) 

for arbitrarily small r > 0, where dw = dt + ids and c > is a positive constant, 
and with pr x \ D *uj + iddQ r positive and C°° -quasi-isometric to ^dw A dw + pi x \d* u ■ 
Finally, there exist uniform C° and C 1 bounds on $ r — 5, as well as uniform bounds 
on idd(& r — 5). 

The proof, which follows Chen's [CheJ of the compact case, itself in the line 
of works like [CKNSl IGua] , consists in a continuity method which requires several 
steps. The method is explained in next section, the estimates we need to achieve it 
are obtained in sections 12.31 12.41 and 12.51 and proof is completed in section 12.61 

For now, we shall translate Theorem 12.11 into the language of paths in VAin 
between vq and V\, since this is what we need to show Theorem 15. II of part 
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Corollary 2.2 For any Vq, V\ G VAin and any small enough e > there exists a 
path (vf) from vq to V\ which is a C°° deformation of the segment ((1 — t)vo + tvA, 

satisfying the equation (vf — \dvf |^ ) (uf) m = eu^, where uf = Ub p + iddvf. There 

exists C > such that for all e, \vf — ((1 — t)vo + \dvf\ Ubp , \vf\, \dvf\ u , 

liddvfl < C where d, d and d are those of X\D and' stands for d t . 

Proof. Take e > small, and for all t G [0, 1] denote by vf the function $ e (-,t, •), 
with $ e that of Theorem 12.11 (with e instead of r) ; this makes sense, since every 
summand is ^-invariant. Moreover, v% — v T , r — 0, 1, since ($ £ — S)|(x\z3)x9s = 0, 
and (v £ ) t £[o,i] G £((X\D) x [0, 1]). To assert that (vf) is a path from vq to v±, we thus 
only have to check that ouf = Ub p +iddvf is quasi-isometric to u for all t G [0, 1], where 
d and d are those of X\D; this simply follows from the fact that for all t G [0, 1], 
uf is the restriction of pr x ^ D *w;,p + idd(f) e (d and d of (X\D) x E) to the subbundle 

^lx\D)x{t} °^ ^-(x\_D)xE' an< ^ f rom the mutual bound between pr x \ D *u^ p + idd<p £ and 
P r x\D* w fep + \dw A cfcJ required in ( fTTl) . 

We furthermore have from Theorem 12.11 a bound on idd§ £ , independent of e, d 
and d being those of the product (X\D) x S. This tells us that there is some C such 
that for all small e > 0, 

\v'f\,\dvf\ Aiddvfl <C (12) 

(the linear part (1 — t)t>o + ^i of (vf) is killed by df, and dt>o, tfo>i, iddvo and iddv\ 
are bounded). 

Finally, expressing (II ip on X\£) and forgetting the pull-backs, we have: 

(uf - l^fl^J (uf) m A -dw A dw = 4cew fe p A -dw A dw; 
since we focus on small e, we can assume up to rescaling that 4c = 1, and hence 

Definition 2.3 Fore > ; a pa#i as m Corollaru \2.tM s called an e-geodesic between 
Vq and v\. 

2.2 The continuity method 

Observe that equation (j3J) can be rewritten as 

((Wx\D*Ubp + \dw A dw) + z<9d($ + t(l - t))) m+1 = 0, 
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since \dw A dw = dt A ds = —idd(t(l — t)) (w is a local holomorphic coordinate on 
E such that dw = dt + ids). This rewriting takes into account that Cj := pr x \ D *uJbp + 
^dw A dw is a Kahler form on (X\D) x E, whereas Wx^^bp is degenerate in the E 
direction. Having said this, we finally study the equation 

{uj + idd(j)) m+1 = 

on (X\D) x E with uj now standing for Cj, which as a product of two reference metrics 
will be our reference product metric on (X\D) x E. To generalize the definitions of 
Holder spaces of functions or tensors on (X\D) x E in an easy way we use quasi- 
coordinates, by replacing the polydiscs we used on X\D by their product with (half- 
)balls of coordinates of homogeneous diameter forming an atlas of E. In this part 
C k,a , C°°, r fc ' a (A 1 ' 1 ) and so on will thus denote such spaces on (X\D) x E, unless 
otherwise specified. One last remark is the S' 1 -invariance of our new uj, as well as 
this of <fi, if this latter stands for some $ + t(l —t). 

Now let us give ourselves an S' 1 -invariant function 9 : [0, 1] x (X\D) x E — > R 
strictly increasing in r G [0,1] at every point, such that 0(0,-) = 0, 0(1,-) = 1, 
bounded below by cr for some positive constant c and with nice derivatives, namely 
such that 9 would be in a space denoted by C°°([0, 1] x (X\D) x E). The continuity 
method we propose consists in resolving for r G (0, 1] the family of equations 

' (cj + ^90) m+1 = 9(r) (u + idd^) m+1 
0|(x\D)x{r}xSi =v t ,t = 0,1 (boundary conditions) 

cbj < u + idd<j) <c uj for some constant c > 

^-^er((l\D)xS). 

where 0i is itself the solution of (E\), meaning that u + idd<f)i is C°°-quasi-isometric 
to uj on (X\D) x E and 0i| (x\D)x{r}x5! = v T , r = 0, 1. 

The first step is ensuring that such a 4>i exists. Actually, an easy computation 
provides it as a C°°((X\D) x E) deformation of the segment S joining to t> and vi. 
Namely, if C > is a constant, and if <pi := (1 — t)v (z) + tvi(z) — Ct(l — t) (notice 
it is S^-invariant), one has: 

uj + idd(j)i = (1 — t)uj VQ + tuj vi + 2d\z(id(vi — v ) A dw) + (C + l)-dw A dw, 

which clearly is C°°-quasi-isometric to uj when C is big enough, since dvo and dv i 
are in T 00 (A 1 ,X\D) (and in particular bounded for a Poincare type metric). 
Having settled this question, our strategy is to show the following: 
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Proposition 2.4 Let r the infimum of the r such that (E r i) admits a unique solu- 
tion for all r' G (r, 1]. Then r = 0. 

The proof is done in section 12. 6[ but requires a significant preparatory work, in 
particular in obtaining a priori estimates for solutions of equations (E r ). For now, 
let us deal with the uniqueness of their solutions, as well as some C° estimates. 

2.3 Uniqueness and a priori C° estimates of intermediate so- 
lutions 

Proposition 2.5 (Uniqueness and C° estimate) For any r G (0,1], the solution 
(f) of (E r ) is unique if exists; in particular it is S 1 -invariant. Moreover, <fii < <f) < 
(fix + h for some bounded function h G C°° vanishing on (X\D) x <9E ; and if <$' is 
the solution of (E r i), r' G (0, 1], then r' < r implies <p < <p' , and reverse. 

Proof. The idea underlying the technique used here consists in making apparent some 
functions sub/over-harmonic with respect to well-chosen metrics and which vanish 
on (X\D) x <9E and then apply an appropriate maximum principle (Lemma 12.91) . 
This latter states, in a weak form: 

Lemma 2.6 Let v be a Cf oc function bounded above on (X\D) x E ; such that 
syxV(x\D)y.T. v > su P(x\D)x9E v ■ Assume (X\D) x E is endowed with a Kahler metric 
u>' quasi-isometric to u. Then there exists a sequence {xj)j>o of points of (X\D) x E 
such that 

lim v(xj) = sup v, lim \dv(xj)\ =0, and liminf A^v^Xj) > 0. 

Proof of Lemma UM It is very similar to that of Wu's maximum principle |Wu] p. 406, 
but adapted to the boundary context. We do it for oj. For e > set v £ = v—epr x \ D *u, 
so that it goes to — oo near D x E. Suppose that for all e > 0, v e reaches its 
maximum at some x £ G (X\D) x 9E. It is then not hard to see that for all fixed 
x G (X\D) x E, liminf e ^o v(x e ) > v(x), hence a contradiction with the assumption 
su P(x\z?)xe w > sn P(x\D)xd^ v since of course liminf £ ^ v(x e ) < sup (x \ D)xas v. 

Having said this, we know there is an 6q > such that v £Q raises its maximum at 
some x £0 G (X\D) x E. Applying the reasoning above to the e G (0,e ) gives an ei 
such that v £l raises its maximum at some x £l G (X\D) x E, and so on. Set Xj = x £j ; 
a glance Wu's proof shows (xj) verifies the stated assertions. ■ 

The following will be useful to strengthen our maximum principle: 
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Lemma 2.7 Assume (X\D) x X is endowed with a Kahler metric co' C°°- quasi- 
isometric to co. Then there exists a C°°((X\D) x S) solution a to the Dirichlet 
problem 

f A w ,a = 1 

| Ci\(X\D)xdT, = 0. 

Moreover, < a < Ct(l - 1) for some C = C(co') > 0. 

Proof of Lemma 12.71 This follows from an exhaustion argument; namely, a is ob- 
tained as the CMimit on each compact subset of (X\D) x E of some subsequence 
of a sequence of C 2,13 solutions (a p ) (j3 G (0, 1)) of the analogous Dirichlet prob- 
lem on an exhaustive sequence of compact subdomains (V p ) of (X\D) x S. From 
the uniform ellipticity of A<y on (half-)balls of quasi-coordinates, it suffices to have 
a uniform C° control on the a p to get a uniform C 2 ^ control and then perform 
some extraction. The nonnegativity of the a p , hence that of a, is clear. Moreover 
A w /(t(l-t)) = 2 tr w ' (idt A ds) = \dt\l, > c\dt\l = c where c = c(u/) > is such that 
J > coj. Finally A w , (c~H(l -t)-a p ) > on V p and (c -1 t(l -t)-a p ) > on dV p 
so c _1 t(l — t) — a p > i.e. a p < c~ l t{l — t) for all p, so we are done for the sought C° 
estimate. This estimate passes to a, which then is C°°((X\D) x S) still by uniform 
ellipticity of A w / on (half-)balls of quasi-coordinates and since 1 G C°° {(X\D) x E). 
■ 

Remark 2.8 Similar arguments give isomorphisms A w / : Cq +2,/3 — > C fc '^ /or every 
(A;,/3) G N x (0, 1) /or any u/ quasi-isometric to to, the index meaning "vanishing 
on (X\D) x ". 

Combining the last two lemmas, one gets: 

Lemma 2.9 Let v be a Cf oc function bounded above on (X\D) x S, nonpositive on 
(X\D) x <9£. Assume (X\D) x S is endowed with a Kahler metric to 1 C°°-quasi- 
isometric to to and that A^'V < 0. Then v < 0. 

Proof of Lemma 12.91 Suppose there exists a point x G (X\D) x S such that r(x) > 0. 
Then for some e > small enough (r> — > hence sup( X \ I) ) xS (r — ea) > 

> supp^-^^. Take a sequence (x-,) as in Lemma [231 for r> — ea; in particular, 
liminfj^oo A w /(r — ea)(xj) > 0, whereas this is equal to — e + liminfj^oo A w iv(xj) < 
—e, hence a contradiction. ■ 

Let us come back to the proof of Proposition 12.51 Denote by if) the difference 
<f) — 4>i, so that t/> G Cq°. We claim that t/) is over-harmonic with respect to co' = 
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u+idd(p (which is C°°-quasi-isometric to u); this can be seen at any point x by taking 
coordinates (zi, . . . , z m +i) such that oj' = Ylj idzjAdz] and iddip = 5^ . Xjidzj Adz] at 

x. From logarithm concavity we write (g^y) m+1 = Y[f=i (1 ~~ ^j) — — J= m+i — ~ = 

1 + j^- i.e. A'lp > 2(m + 1) {9(ry l ^ m+1 ^ - l) > where A' is the Laplacian 
associated to u'. From the latter proposition above, this gives: ip > 0, i.e. <fi > <fii- 
Using the same techniques we show that: 

• If 0' denotes a solution of (E r i), r < r' < 1, then A'(0 — <p') > so <p > <p'. 
Reverse inequality comes from symmetry. This provides the uniqueness, and 
hence the S' 1 -invariance, statements. 

• Keep the notation if) = <fi — <pi. If h denotes the function such that Aih = 
2(m + 1) given by Lemma |2~T1 — then ip < h, i.e. <fi < <fii + h. This comes from 
the inequality u = uj\ + iddip > 0; taking its trace with respect to u>i provides: 
m + 1 - ^A^ip > 0. □ 



2.4 Second order estimates 

Let us denote by / the function ^ +1 so that / G C°° UX\D) x E), / > c for some 

positive constant c > 0; notice that (E r ), r G (0, 1], sums up as (oj + idd(f) m+1 = 
6(r)fu) m+1 , in addition to mutual boundedness and boundary conditions. We still 
have some freedom on the definition of 9; for instance we can take 9{r) — r((l — 
x{ r )) c f 1 + x( r )) where \ is an increasing smooth function on [0, 1] equal to (resp. 
1) in a neighbourhood of (resp. 1) and c = inf(x\D) x s / > 0. This way, 9(r)f = cr 
when r is close to 0. 

On the other hand, since ip = <p — (pi is the function that has a chance to be 
bounded (in general, (pi is not if it is constructed from a segment joining unbounded 
potentials, so neither is (p), it is convenient to look at our equations in the form: 
(oji + iddip) m+1 = 9(r)u™ +1 . Let us call this latter (E' r ) after adding to it mutual 
boundedness (c _1 wi < Ui < c _1 Wi for some c > 0) and boundary (ip\(x\D)xT, = 0) 
conditions. Then: 

Proposition 2.10 There exists a constant C independent of r G (0, 1] such that for 
the solution ip of any (E' r ), 

sup (m + l-|Ai^) <C(1+ sup (m + 1 - |Ai^)). (13) 

(X\D)xS " (X\D)x9S 

Proof. It uses an inequality due to Yau [Yauj . whose proof is purely local, and writes 
within our setting: 
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Lemma 2.11 (Yau) /jfinfj^/Rm^ means the infimum on (X\D) x £ of the quan- 
tities (Rm ui (£:, t|=)t^-, , j 7^ I where the are ta&en us\-orthonormal at the 
'point of computation and A' is the Laplacian associated to U\ + iddip then: 



-A'(e-^(m + l - |A X ^)) > 

Off -c)) -fm + 1) 2 



e"^ (Ax log (c + X (r) (/ - c)) - (m + l) 2 inf Rm^ r ) 



- Ke- K ^(m + 1) (m + 1 - |A^) 

+ (« + inf Rm^-)e-^(m + 1 - ±A^) 1+1/m • (r(c + X (r)(/ - c)))" 1 



where the only constraint on the constant k is: k + inf.^ R,m^.^^ > 1. In particular k 
can be chosen independently of r. 

Fix the constant k of the lemma once for all. Now it is easy to find K independent 
of r such that 

1 <e-^(A 1 log (c + X (r)(f - c)) - (m + l) 2 rnf Rm^) 

- n{m + l)K +(k + inf Rm^ r )K 1+1/m • (r(c + x(r)(/ - c))) _1 

as soon as K > K . Now, either e~ K ^{m + l)(m + 1 — lAi^j is < K + 1 on 
(X\D) x £ and we are done is bounded), or its supremum is > K . In this latter 
case suppose the supremum is not reached along (X\D) x <9£, and use Lemma [2.61 
to get a sequence of points (xj) such that e~ K ^(m + l)(m + 1 — hAiip)(xj) tends to 
our supremum, and A(e~ K ^{m + l)(m + 1 — -^A\i}})j{xj) to a nonnegative quantity. 
With our definition of K , this contradicts the formula of Lemma |2.11[ hence the 
result, since ip is bounded independently of r. □ 

Now we can control the right-hand-side term of the inequality (TT3]) with the help 
of first order terms in ip: 

Proposition 2.12 There exists a constant C independent of r G (0, 1] such that for 
the solution if) of any (E' r ), 

sup (m + 1 - \A^) < C(l + sup 

(X\D)xd£ (X\D)xS 

Sketch of proof. The proof of this Proposition is rather technical, but follows closely 
Chen's |Chej . Theorem 1, so we are only saying a few words about what needs to be 
adapted in our non-compact set-up. 
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First, Chen's proof works considering any point p of the boundary with a half- 
ball B of coordinates such that his reference metric is bounded above by twice of the 
euclidian metric, and below by one half of it on B. Moreover the radius does not 
depend on p, and the m first coordinates parametrize the base whereas the last one, 
z say parametrizes S; more precisely, £ is given by {9\c(z) > 0} in B. 

Of course we cannot proceed like this with our kind of metrics (the injectivity 
radius goes to 0), but we already know that having uniform estimates on the pull- 
backs by some quasi-coordinate system (the $5) provides global bounds. So that we 
replace Chen's coordinate half-balls by quasi-coordinate half-balls, namely we fix a 
ball of radius 5 > in C m x {d\z(z) > 0} and consider a family (vr p ) pg (x\D)x ( 9s of 
holomorphic immersions B — > (X\D) x £ such that for all p £ (X\D) x <9£, 7r p sends 
to p, B PI (C m x {0}) in (X\D) x <9£ and \uj euc < tc p *ui < 2u euc . This way, we can 
apply Chen's techniques to TT p *ip, and get analogous results, in particular the fact 
that the normal-tangential (resp. tangential-tangential) second derivatives at p are 
controlled by the L°° norm (resp. the squared L°° norm) of its differential, control 
which does not depend on p. 

One subtlety though; to prove the nonnegativity of Chen's barrier function v 
when 5 is small enough, instead of using positive lower bounds on A'v (or 7r p *(AV)), 
we directly use the definition of this function, and the fact that for some constant C 
independent of p, if x stands for JHc(z), we have < x < C'h. Indeed, we can take 
7t p (*, z) = (*, c(t + i(s — s p ))) or 7T P (*, z) = Ck, c((l — t) — i(s — s p ))) , depending on 
which component of (X\D) x <9£ p is, with c > small independent of U, so that we 
are done if we know that t(l — t) < Ch on X\D for some C > 0. But such a constant 
exists since for C big enough, A t (Ch - t(l - t)) = 2C(m + 1) - A t (t(l - t)) > on 
X\D, and from Lemma [2J)J We refer to |Che] , p. 204-208, for the details. □ 

Let us conclude this section with a definitive control on A^: 

Proposition 2.13 There exists a constant C independent of r £ (0, 1] such that for 
the solution ip of any (E' r ), 

sup \di/)\ m < C. 

(X\D)xT, 

In particular in view of Proposition \2.1<\ sup x \ D is bounded above by a 

constant independent of the parameter r. 

Sketch of proof. Here again we can adapt Chen's argument, namely his blowing-up 
analysis — (CheJ §3.2] — so we will not repeat it entirely here, but rather underline 
a few necessary changes in the proof. 
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So we suppose there exists a sequence (r_j) such that e~ := sup(x\D)xS I^VjUi 
goes to +00, and we look at a sequence (pj) of points of (X\D) x E such that 
\dip rj (pj)\ UJl > ej 1 — 1 for all j. Because in general we cannot extract from (pj) a 
sequence converging in (X\D) x E, we follow these points, and define objects on 
(half-) balls around them. Here nonetheless, we have to differentiate two cases: up 
to an extraction, Wj := pr s (j9j) converges to a point w of E, and: 

1. if w G <9E, we take 5 > small enough and give ourselves a half-disc of 
coordinate with nonnegative real part, whose radius is S, centered in w and 
with Dg n {!tHe = 0} sent parallel to <9E; 

2. if w G E, we take S > small enough and give ourselves a disc D$ of coordinate 
in E, whose radius is S and centered in w. 

In both cases, forgetting the extraction, Wj is in the considered neighbourhood of w, 
and even in that of half-radius. Moreover we take a ball B' s of quasi-coordinate of 
radius 5 centered in Zj = Wx\DiPj) i n -^Y^j an d then we have immersions 

7Tj : fi 5 — ► (X\L>) x E 
1 — ► (%,^), 

at our disposal, where B$ denotes the (half-)ball of radius 5 of C m+1 included in 
B' s x D$. Our construction of U\ allows us furthermore to assume TTj*Ui is trivial at 
(0,0) and that its derivatives are bounded in B$ independently of j. We then set, 
for j big enough and (z,w) G Bs/ £j , 

which defines on every compact a sequence of functions we are going to study. Sim- 
ilarly, for those j, (z, w), we set 

hj(z,w) = 7Tj*h(sj(z,w)) , 

and finally we set ujj(z,w) = 7Tj*uJi(ej(z,w)y, the previous remark ensures us that 
these Cjj converge in C°° on every compact, and that we can assume 5 small enough 
to always have \uj euc < Uj < 2co euc . 

Now this rescaling implies for all big enough j that \dipj(z, < 1 wherever 

it makes sense, 1^^(0,0)1^ > 1 — £j, and | A^ j tpj(z, w) | < C where C is that of 

Proposition 12.121 Moreover the inequalities < ip < h < \\h\\co propagate and give 
< ipj < hj < \\h\\ c o. We deduce from those and from standard Schauder estimates 
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that ytpj) is C 1,a bounded on every compact as soon as it makes sense (a G (0, 1)), 
hence two diagonal extractions give us a subsequence we still call (ipj) which converges 
C 1 ^ on every compact to some function if} which belongs to C\f c (C m x {D^c > 0}) 
in the first case raised above, and to C\f c (C m+1 ) in the second one {fi G (0,a)). In 
addition ip is bounded by ||/i||c on its whole domain, and the inequalities on the 
^•(O, 0)|. tell us, passing to the limit: (^(O, 0) | guc = 1. 

However in the first case, it is easy to see that hj(z, w) tends to when j goes to 
infinity for every fixed (z, w) from the very definition of the hj. This implies if) = 0, 
which contradicts |^>(0, 0) \ euc = 1. 

In the second case, using the nonnegativity of the u + iddip r ., we can show 
that on every complex line II passing through G C m+1 , An^ < in the sense of 
distributions, hence if} is constant on every such II, hence constant (it is bounded), 
which contradicts again ^(0,0) | =1. □ 

2.5 C 2 and C 2,1] estimates 

We have proved a uniform (independent of the parameter r) estimate for the differ- 
ential and the complex Hessian of our potentials if>; notice that from ip\rx\D)xdT, = 0, 
this gives a uniform complete C 2 estimate of if) along (X\D) x <9£. We now give 
such a C 2 estimate on (X\D) x E, which however is no more uniform, at least when 
r goes to 0: 

Proposition 2.14 Assume if) is a solution of some (E' r ), r G (0,1]. Then there 
exists some constant C independent of r such that ||(V Wl ) 2, ?/ ; || c ,o ^ 7"- 

Proof. Here we adapt Blocki's proof of his Theorem 3.2 in [Bio]. This proof uses 
the compactness of the underlying manifold in a crucial way, namely in working at a 
point where some function attains its maximum. Instead of making up for this lack 
of compactness by using, for instance, our maximum principle (Lemma \2.Qh , we are 
seeing what happens when following a sequence of points such that the function in 
question tends to its supremum along this sequence. 

To begin with, fix r G (0, 1], take if) as in the statement and define a function B 

by 

B:x\ — > sup (V Y dif))(Y) 

YeT x {(X\D)xS) 

l*V=i 

where V stands for V Wl . Notice that B(x) is nothing but the biggest eigenvalue of 
(V^ 1 ) 2, i/' at x, so that we have to produce the desired estimate on B (up to some 
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first order term and a factor 2, this last object and iddt/j have the same trace); 
a bound above will even be enough. Then define A = B + \dij>\ Ul , and set M = 
sup( X YD) xS A. Since A is already controlled on (X\D) x <9X, we can assume that 
M > sup( X \ D ) X(9E A, and even that there exists some positive 5 such that 

M = sup A. 

(X\D)x[5,l-5]xS 1 

Indeed, if such a 5 did not exist, the C 3 bound we have assumed on ip would schemat- 
ically provide that we can reach M following a sequence of points whose projection 
on [0, 1] would tend to or 1 and give M = &wp/ X \ D \ xdI . A. 

So we have balls of quasi-coordinates B$ -A Bj C (X\D) xS of radius 5 centered 
at points Oj such that for all j: 

a) tt/A(0) = A(Oj) >M-±, and inf (x \ D)xS A < nfA < M ; 

b) \oJeuc < "Kj*uj\ < 2tu euc , 7ij*uji = cu euc at 0, and itj* (iddip^j is diagonal at ; 

c) (tt/wi + iddn*^) m+1 = ti *6(r) ■ i: j *{uj l ) m+1 ; 

d) there exists Yj of norm 1 at Oj such that iTj*A(0) = 7Tj*(Vy j d'0)(^j)+ 7r j*(M'^'0|)- 
This way if we denote the pullbacks with hats, we have on B$ for all j: 

a) Aj(0) > M — i,and inf (x \ D)xE A < Aj < M ; 

b) \(jJ eU c < &j < 2w eMC , Uj = u euc at 0, and iddtpj is diagonal at ; 

c) ((bj + idd^) m+1 = 9j{r) ■ {u 3 ) m+1 ■ 

d) \Y 3 \^ = 1 (at 0) and i,(0) = (V^-)ft) + |^|- 

The idea now is to let j go to oo and bring the problem to the situation in which 
Blocki's proof works. Nonetheless we cannot assume so far that the Aj are regular, 
and this is why we start by some local regularizations. For this reason we extend the 
Yj to the whole B$ as constant vector fields, and for all j we consider: 

\ Y 3\uj 

so that Aj < Aj < Aj(0) + 27 = Aj(0) + jj. Moreover A'j is C 2 ' T ', and bounded in 
C 2,v (Bs) independently of j (thanks to similar controls on the tpj). On the other 
hand we have such C k ' v controls on the cjj (k — 3), 9j(r) (k = 4, plus a lower bound 
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cr for this latter). We can then simultaneously extract from our sequences weakly 
Qk,r) converging sequences, hence up to another extraction strongly C k converging 
sequences, with convergence to C k ' v objects (and convergence in S 2m+1 for (Yj)). 
Let us simply drop the index to denote the limit; the relations above give, by passing 
to the limit: 

a) i'(0) = M,and < A' < M, with A! = ^(Vy#)(F) + |#| ; 

b) \u e uc < w < 2oo euc , Co = oo euc at 0, and iddip is diagonal at ; 

c) + iddtp) m+1 = 6(r) ■ (Co) m+1 , cr < §(r) and control on the derivatives of §(r) 
up to order k — 1 independent of r, and the same for Co ; 

d) \Y\ a = 1 (at 0) and i(0) = (V t d$ j )(Y') + \<l?#\. 

Now we can use normal coordinates at and apply Blocki's proof, since we have 
enough regularity on our objects, to get at 

with C r depending only on r (essentially, C r < ^ with C depending only on uii 
and its derivatives up to order 3, \di/j\ Ul , Aiip, and hence does not depend on r, and 
neither does K nor K'). Now A reaches its maximum at 0, so the left-hand side of 
the latter inequality is nonnegative, hence an upper bound on A' by some — with C 
independent of r and rj. This gives the desired control on M. □ 

Now using the techniques of [CKNSJ, and working as usual in (half-)balls of 
quasi-coordinates instead of (half-)balls of coordinates, one can show: 

Proposition 2.15 There exists some (3 G (0,1) and some constant C such that 
1 1 ip He* 2 '/ 3 ^ C i s solution of some (E' r ), r £ (0, 1]; more precisely, such (3 and 
C can be taken independent of r if it stays away from 0. 

Proof. Cover (X\D) x S of (half-)baUs flW C C m x CW (where C+ = {9ie > 0}) 
of quasi-coordinates (zi, . . . , z m , z) of radius 5 > independent of r such that: 

• the collection of (half-)balls of radius 5/2 still covers (X\D) x S; 

• any point in (X\D) x <9E is the center of a half-ball; 

• the part T = (C m x {0}) n B + of a half-ball corresponds to (X\D) x i.e. if 
7r is one of the immersions associated to B + then T = B + fl vr" 1 ((X\D) x ; 
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• on any (half-)ball \u euc < tt*u < 2u euc , ir*9(r) > cr and the derivatives of tt*u 
and 7T*6(r) are bounded; all these controls are independent of tt and r; 

• according to Proposition 12.141 we have bounds on the TT*ip up to order (4, if) 
which are independent of tt. Moreover those bounds are independent of r on 
|7r*^|, |c?7r*^| and |i997r*^|; they remain so on |V 2 7r*-?/;| as long as r stays away 
from 0; 

To get C 2 ^ estimates on the balls, we write the pull-back of (E' r ) as F[tt*i/j] = 
where 

-log (n*e(r)),ueCf oc (B); 

this way u*ip and F satisfies the hypotheses of Theorem 17.14 in |GT] . with in 
particular the ellipticity of F coming from 

2m+2 

i,k=i 

with (yT*^') — 1 the (l,l)-form whose matrix in the coordinates of B is the inverse of 
that of 7r*u/ = n* {ui + iddip) , the estimates on iddifj ensuring us about the existence 
of some c > independent of r and tt such that: cg euc < (vr*^) -1 < c~ x r~ x g euc . The 
theorem gives us an estimate on the |V 2 (7r*?/>)| i with ft depending only on S, 

A et A such that Xu euc < tt*ui + idd(TT*ip) < Au euc and |V 2 (7r*'0)|c o (s)) so that (3 
can be taken independent of r if it stays away from 0. 

The case of (half-)balls is a bit more delicate; nonetheless, let us say some words 
about it. We want to apply Theorem 9.15 of |GT] . and for this we need an estimate 
on the modulus of continuity of S/(ir*ip) around points of the boundary. Applying 
techniques of |CKNSj . in particular those of §2.2, one gets 

Lemma 2.16 There exists a constant C depending only on \ir*ip\c 2 {B+)> A, A ; TT*6(r) 
- so in particular C can be taken independent of r if it stays away from 0, and 
independent of tt — such that for all z$ G |T := T fl on has 

|vV?Kz ) - vV^)! < — -p-^ - 

I + \\og\z - z Q \\ 

for all z G B + such that \z — z \ < 5/3. 



F[u] = log 



det 



TT UJ 



jk 



+ 



d u 
dzjdlk 
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Now differentiate the pullback of (E' r ) with respect to some tangential operator T> 
equal to ±-£- or ±^-, 1 < j < m to get 



m+1 

^(Dtt'V) = -Vlog {ir*6(r) det(vr^ 1 )^) + ]T (7rV)%>(7r*a;i) iS . (14) 

i,fe=i 

and apply Theorem 9.15 of |GT] with L = — A n * u >, u = Vn*^ and p > fixed. 
This gives us an estimation \V(n*ijj) | 2 ^2 < C with C only depending on a 



lower bound on r. It is converted to a C 1,r '(|£> + ) estimate on the V(tt*i/j) thanks 
to our choice of p, thus so far we control the on C ''? (§£+), 1 < j, k < m. A 



similar control on comes from the very equation (E' r ): develop the determinant 

with respect to the last column and express 9 d ^ d ^ as a function of all the other terms. 
□ 



2.6 Proofs of Proposition 12.41 and Theorem 12.11 

2.6.1 Proof of Proposition [Zl 

Since equations (E r ) and (E' r ) are equivalent under the translation if) h-> 0i + ip, 
we can take r$ as the infimum of the r such that (E' r ,) admits a solution for all 
r' G (r, 1]. We first show that r < 1, which is somehow the easy part, and then that 
r cannot be positive, which uses the estimates we proved in sections 12. 3[ 12.41 and 
12.51 Notice that uniqueness has already been proved in Proposition 12.51 

Equation (E' r ) admits (regular) solutions for r close to 1. The vital remark 
here is the following: if P denotes the operator 

P : C£° — > r°°(K(x\D)xs) 
ip 1 — > (ui + iddip) m+1 , 

and ip is strictly Wi-pluri-subharmonic (i.e. oj\ + iddift > 0), then up to a — | factor, 
the linearization of P at if} is the Laplacian of u\ + iddip multiplied by its volume 
from, that is: 

d^P{x) = -Tti^+iddipX) ■ (wi + iddip) m+ \ 

and this remains true when restricting P to C^ 2 ' 13 to T k ^(K), (k, /?) <E N X (0, 1). In 
particular d$P = —~(A Ul -)u)™ +1 which is an isomorphism from C^ 13 to r 2,/3 (i^) (since 
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\A Ul is an isomorphism from Cq' 13 to C 2 ^, see remark [2T8|) . Take any 7 G (0,1). 
Because of the latter isomorphism, and since 9(r) G C 2 ' 7 , we know from the implicit 
functions theorem that (E' r ) admits Cq' 7 solutions for r close to 1, and away from 
if necessary, say r G J; the only point to be checked is that for such solutions ip r , 
uj' = U\ + iddip are equivalent to uj ("uniformly equivalent" is not necessary). Notice 
that J, r i-> ip r is continuous for the C 4,7 norm, and so is the function mapping those 
r to the smallest eigenvalue of uj'. Because 9{r) never vanishes, neither does this 
eigenvalue, which remains positive, as well as the other eigenvalues. So far there is 
no evidence for the existence of some c > such that uj' > cuj\ globally on (X\D) x S 
for all r G J, but we can assume that ||Vv||c 4 >t, and in particular HVvllc 2 remains 
bounded for those r. This tells us that there exists some C > such that for all 
r G J, uj' < Cuj\, since 9{r) = det Wl (u/) is positively and uniformly bounded below 
on (X\D) x S x J, it turns out that such a c exists. 

This is now a standard bootstrap argument to show that those solutions are 
C°°. Fix r and choose some quasi-coordinate system like in the proof of Proposition 
I2.15[ select a (half-)ball, with coordinate (z±, . . . , z m+ \), and denote as usual by 
7r the associated immersion and T> some first order differential operator, namely 
one of the d Xj or d yj , j G {1, . . . , m + 1}. Differentiate the pulled back Monge- 
Ampere equation (E' r ) with respect to T>\ this writes A n *u> {T>n*ip) = f, with / as in 
([HI hence bounded up to order (2,7) independently of tt. Now A n * u i is an elliptic 
operator with C 2,7 coefficients, and both its ellipticity (lower and upper bounds on 
its principal symbol) and the C 2 ' 7 bounds on the coefficients are independent of tt. 
Standard Schauder estimates thus tell us that T>n*ip is C 4,7 on say the (half-)ball 
of half radius, and provide C 2 ' 7 on those smaller balls independent of 7r. Collecting 
all those regularity statements and estimates for all the T> and tt in game, we get 
that ijj G C 5 ' 7 ((X\D) x S): we have improved regularity by one order. Going back 
to a (half-)ball of quasi-coordinate, the differentiate Monge- Ampere equation writes 
with an elliptic C 3,7 operator and a C 3,7 right-hand-side, with ellipticity and bounds 
independent on the immersion. We have this way C 5 ' 7 regularity and bounds on the 
T>w*ip independent of it: ijj G C 6 ' 7 ((A\D) x S). Going on this induction it is clear 
that V G C°°((X\D) x S), for all r G J. 

Equation (E' r ) admits (smooth) solutions for all r G (0, 1]. Denote by r the 
infimum of the r G (0, 1] such that (E' r ,) for all admits a solution in ((X\D) x S) 
for all r' G (r, 1]. We already know that r < 1; let us suppose it is > 0. Choose some 
sequence (rj)j>\ of elements of (r , 1] tending to r . By Proposition 12.151 we have 
some (3 G (0, 1) and some constant C such that \\if> r . Wcw < C for all j > 1. Playing 
the same game as above, it is easy to provide a uniform C 4 '' 3 bound on (ip rj )- Two 
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diagonal extractions give us a Cf^] converging subsequence with some 7 £ (0, (3) to 
some function t/>; moreover the uniform C 4 ' 13 bound on the whole (X\D) x £ provides 
a uniform C 4 ' 7 bound which pass to the limit (use quasi-coordinates), hence ip £ C 4,7 , 
and even Cq' 7 . By local C 2 convergence, u>i + zdcfy/> > and (ojx + iddip) m+1 = 
6>(r V™ +1 . Since ^ £ C 2 ((X\D) x E) we know from above that uj\ + iddip is 
mutually bounded with Then the bootstrap argument applies and we get that 
if; £ C°°((X\D) x £). 

To conclude, apply the implicit function theorem with u>i + iddip replacing coi, 
from this we know that there exists C 4,7 solutions to (E' r ) with r in some neigh- 
bourhood J of ro- Shrinking J if necessary, ^ J, and it turns out as above that 
those solutions are in C°° ((X\D) x S), which contradicts the definition of tq, since 
(ro — £, Tq] C J as soon as £ > is small enough. Proposition 12.41 is proved. 

2.6.2 Proof of Theorem |2~T1 

Theorem 12.11 almost follows from Proposition 12. 4[ except for the uniform bounds 
on the $ e , which come from Proposition I2.13[ and the statement about the limit 
obtained when letting e go to 0. This latter is understood in the theory developed 
in |Be-Ta] and is an application of the monotonicity theorem in this paper; even if it 
is stated for a decreasing sequence of pluri-sub-harmonic functions, we can apply it 
to our sequence ($ e ) which increases when e goes to 0. Take indeed an exhaustive 
sequence (Kj) of compact subsets of (X\D) x S, and a decreasing sequence of (sj) 
going to such that for every j, rrij := sup^. |$ £j — 3> Ej - +1 | < ^j- Then on every 
compact subset, + Y2k>j-i m k) decreases from a certain rank, to the same limit 
as the Cf oc -limit of the ($ £ ), and this limit satisfies (jlj) in the sense of currents by 
the monotonicity theorem. 

This ends the proof of Theorem 12.11 and the present part. 

3 Calabi-Yau THEOREM ON X\D AND NEGATIVE RlCCI FORMS 
3.1 Statement and motivation 

In order to state properly Theorem 13.21 which is a generalization of the celebrated 
Calabi-Yau theorem, we first need to introduce weighted Holder spaces, in which the 
decay of the functions is taken into account near the divisor. 

Definition 3.1 Let (k, a) £ N x [0, 1), 7 £ R. We set 

C^ a = {/ £ C^(X\D)\ pif £ C k ' a (X\D)} = p^C k > a (X\D), (15) 
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where C k,a (X\D) is that of section ! 1.21 We endow this space with the obvious norm, 
denoted by \\ ■ \\ c k,a. 

We also setC™ = r) k eN, a e(o,i ) C*> a . 

Let us comment briefly this definition. The right hand side inequality in (I15p and 
(I3.5p comes from the control on the derivatives of p, especially \dp\ g is comparable 
to p near D, and that V k p = O(p) for any k > 1. Notice that we can also compute 
norms using quasi-coordinates. For instance, if U is a polydisc (cA) fc x (A) m ~ fc 
around a neighbourhood of a point of D such that D fl U = {(0, . . . , 0)} x (A) m ~ fc 
covered by a union |J,5e(o i) k ^s((^) k X (A) m ~ fc ) as in flLTI and if / is C^, with 
support in U, then 



a 



k,a ~ 



sup 771 — r\ — n — Y^Yf\\^*fWc^(v k ) 

<5e(o,i) fc ((1 - Oi) ■ ■ ■ (1 - dfcjj 



(where P fe = (|A) fc x (A) m ~ fe ) because $,5* p is uniformly mutually bounded with 



1 



(l-5i)-(l-<5 fe ) 



on Vk for 5 G (0, 1) , as we already saw it in §1.11 



We can now state the following "logarithmic" version of the Calabi-Yau theorem 
(see for instance |Joy[ ch.5] for a review on the Calabi conjecture and its resolution 
by Yau): 

Theorem 3.2 Let to' E VM Q , v > and f E C™{X\D) such that J XXD e f vo\ w ' = 

Vol. Then there exists <p E C°°(X\D) such that (u' + iddip) m = e f (u') m . More 
precisely, (p is for all k > a Cf oc -limit of (y? £ )o<e<i when e goes to 0, where (u' + 
idd(f £ ) m = ef +£ipe (cu') m for all e > 0. Moreover there are C k -bounds independent 
of e on those <p e , and there exists c > such that tp e E C™(X\D) when e is small 
enough. 

This approach of e-perturbed Monge-Ampere equation is quite close to that of 
[TY2] and [Hell part 4]. 

We postpone the proof to part H] below. The existence of the family (<p £ ) e> o with 
elements in C°°(X\D) is not new, and follows from |TY1| ; actually, they do it with 
Q = 2tt(K[D}) with K[D] assumed ample and e = 1, but what really matters here 
for uj' is being of Poincare type, and that e > 0. It also follows from this work that 
l^elc — e ~ l \f\c° f° r a h e £ (0, 1]. However, new are the uniform C k bounds, and 
that the ip E lie in positively weighted Holder spaces. 

An interesting observation is the following: for e > 0, Q^'^gg^ = Qui' — iddf — 
eiddip E , which tends at any order uniformly on X\D to q w i — iddf . In other words, 
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suppose that g u i — iddf is "interesting" in some sense; then we can realize it as 
the Ricci form of a metric differing from u' by some fast decaying potential, up 
to an arbitrary small error term in the T°°(A 1 ' 1 ,X\D) topology. More concretely, 
our theorem allows us to construct metrics with Ricci form strictly negative in the 
Poincare sense: 

Theorem 3.3 Assume K[D] is ample on X . Then there exists w G VAin such that 
g w < —cw for some positive constant c. 

The proof is rather long, so the next section is devoted to it. 
3.2 Proof of Theorem Q 

Before starting, we shall mention that we proceed by induction on the highest codi- 
mension in X of the crossings of D. We shall also introduce more functional spaces, 
as our weighted Holder spaces defined so far fail to contain the functions appearing 
in the upcoming proof. 

Definition 3.4 Let g be a metric C°° -quasi-isometric to the model u of section 
11.11 and let (k,a) G N x [0,1), 7 G M + . Given v\,...,v n such that Vj = 1 in a 
neighbourhood of the connected component Vj of D andvj = in the neighbourhood 
of T>\ if I ^ j for j = 1, ... ,n (so that D = Uj=i ^j)> we se ^ 

n „ 

E k ^(g) = [f G C k ^ ©01^-1 / /voF = 0}. 

j=l J X\D 

If 7 > 0, we set ll/H^fc."^) = H^Hc*." + Ylj \ a j\ ( we 9 e ^ eac h cij back as the limit of f 
near T>j). 

Those spaces are indeed relevant in the weighted <9<9-lemma we are going to use 
in the proof of Theorem 13. 3[ as the spaces where lie the <9<9-potentials of real closed 
(l,l)-forms which are 0(p~ s ) at any order for some 5 > 0, as described in the 
weighted <9<9-lemma (Proposition 13. 6ft stated and proved in section [3731 below. 

3.2.1 The smooth divisor case 

As aforementioned, we start when the codimension of the crossings equals 1 in X, 
meaning actually there are no proper crossings, but instead that D is smooth. Choose 
some smooth negative £ G — 2irci(K[D]), and remember Uq was a smooth Kahler 
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form on X, such that f2 = [u;o]<£R- The adjunction formula says, if D = Ylj=i Dj is 
the decomposition of D into irreducible disjoint components, for all j: 

K[D]\ D . = (K®[D l ]®---®[D N ])\ Dj 

= (K® [Dj\)\ D . <g> ([Di] <g> • • • ® {Dj\ ® • • • ® [Djv]) |d, 

so that ^o|d (meaning "the closed form induced in A]^ 1 ") is in — 27TCi(Kd ). Now 
for all j, the Calabi-Yau theorem for smooth Kahler compact manifolds applies on 
Dj which is smooth and compact, and provides some potential ipj £ C°°(Dj) such 
that Qo\d 3 — Qu) \ D +id5ip - Denote by pj the projection on Dj, defined in a tubular 
neighbourhood Mj of Dj, and by Xj a smooth function equal to 1 in a small neigh- 
bourhood of Dj, with support in A/}. This way, <p := Y^=i XjP^iPj * s wen defined 
and smooth on X; moreover, u + iddip induces u;o|_Dj + iddipj on every Dj as soon 
as the Mk are disjoint. 

The point is that this closed real (l,l)-form uo + iddtp has no reason in general to 
be positive; nevertheless, the lack of positivity is essentially in the direction normal to 
D, so that it can be corrected, in our Poincare metrics setting, by "log log potentials". 
More explicitly, let Xo '■ ^ — [0, 1] such that Xo = on (— oo, 0] and Xo = 1 on 
[l,+oo). Remember that Uj = log (A + Pj) for some A > 0, and that there we can 
assume pj to be constant on the Mk for all 1 < j ^ k < N; take also A±, . . . , An > 0. 
In those conditions, we claim that 

N N 

J := u - AjidBuj + Y,idd(xo{u) /2 - #)p/V>j) e VM n 

j=l j=l 

when A and K are big enough. It even turns out that u' = WoIdj + i ddipj + ^ z jt^g^^ ) + 
0°°{p^ 1 ) in any neighbourhood of any point of Dj in which Dj is given by {z = 0}, 
this last assertion being independent of A and K. These asymptotics being showed in 
the same way than those of Proposition [TTU the only point to be checked is that u 1 > 
on X\D for a suitable choice of A and K. Since the Uj are constant near the Dk, 
k j, we can assume that AT = 1 to show this positivity, and we drop the j indexes. 
First fix A > big enough so that usq — Aiddu > on X\D. Then take e G (0, |) 
small enough so that uolo + iddip > 4euo\e>, that is iddip > (4s — 1)ujo\d. If one takes 
a collection of open sets of coordinates which in X are neighbourhoods of open sets 
covering D and in which D is given by z = 0, we can assume those neighbourhoods 
small enough so that idd(p*ijj) > — (1 — 3e)uo — Cidz A dz. Since xo takes its value 
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in [0, 1], we will have similarly that Xo( u1 ^ 2 ~ K)idd(p*vjj) > — (1 — 3e)ujQ — Cidz A dz 
on our open sets, whose union is denoted by V. Then we take K big enough so that 
Vk '■— {u > K 2 } C V, and this way on X\Vk, Xi( u1 ^ 2 ~~ K) is and to' equals 
Uq — Aiddu, hence is > 0. Thus, it suffices to show u' > on Vk, and our lower 
bound on Xi( u1 ^ 2 ~ K)idd(p*ip) goes in this sense. 
Indeed, since we have besides: 

■ oo / 1/2 /// 1/2 , idu A 9m . , 1/2 T ^.(iddu 3idu A du\ 

idd Xl {u^ -K) = X '[(u^ - K)^— + - K) - AuV2 ) 

we can again, up to increasing K once more, assume we have \(p*il))iddxi(u 1 ^ 2 — 
K) | < s(ujq— Aiddu) on Vk, remembering that du and iddu are bounded for Poincare 
type metrics. Similarly, we can assume that 

\i(d X i(u 1/2 - K) A d(p*ip) + d(p*ilj) A d X i(u 1/2 - K)) \ < e(uj - Aiddu) 

on Vk- Finally, on Vk, or rather in its intersection with any of our open sets of 
coordinates assumed small enough so that —Aiddu > ol ^afi,, — eun > ICidz A 

° — 2|,z| 2 log^(|z| 2 ) u — 

— ecuo up to increasing .K" once again, we have the minoration 

oji =u — Aiddu + Xi(m 1 ^ 2 — K)idd(p*ip) 

+ i(d X i(u 1/2 - K) A 3(p*^) + d(p*ij) A 9xi(u 1/2 - K)) 
+ (p*ij)idd X i(u 1/2 -K) 

>(1 - 2£)(w - Aiddu) + xi(« 1/2 - K)idd(p*ip) 

>eu — Cidz Adz — (1 — 2e)Aiddu 

>2e 2 u + (1 - 4e)Cz(iz A car - Aiddu > -slo + ICidz A dz, 
which is positive. 

Having dealt with that point, thanks the asymptotics of u', it is easy to compute 
asymptotically its Ricci form; schematically, it writes ^ | D . +iS ^. - | z|2 2 ^yff |2) + 

oo (pJ 1 ) near each Dj. These asymptotics are exactly those of qq — 2^2^ =1 idduj, 
which we can suppose < —cu on X\D for some c > for the same reasons than u 
is Kahler of Poincare type. In a nutshell, q w i + [go — 2 Y^jLi idduj) G rj°(A 1 ' 1 ), and 
this form lives in the zero cohomology L 2 class. Applying the weighted dd lemma 
(Proposition I3.6[) . we thus can write g w i + (^o — ^^ZjLi^du^ = iddf for some 

/ G E^(u') and c G R so that f x . D e f+c vol"' = Vol ; we will not use J XXD f vol"' = 0, 
so we can assume c = 0. This function / has no reason to tend to near D; 
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nonetheless, we can correct it in a compact subset of X\D so that it does, and so 
that p u i + iddf < —c'u and f x \ D vol w = Vol. 

To do so, set dj := lim^. / for all j = 1, . . . , N. Start by assuming a\ > (if 
ai = 0, consider and if a\ < 0, the technique is the same). According to the 
beginning of the proof, when K is big enough, and \x > 1, then 

Qu> -iddf -aiidd^~xo(u] /2 -K) + xo(u/ 2 - /iK) + Xo(u] /2 ~ + < -c\u 

for some c\ > independent of p. Set f l fl = f + dj(^ — Xo{ u1 / 2 ~ K) + Xo( u ^ 2 ~ 
pK) + xoiu 1 / 2 — (fJ, + l)K)j, so that /i )A , G E^°(co r ) up to its mean, /i j|t goes to 

near D\ and to Oj near Dj, j > 2. Moreover, \i i— )■ / X ^ D e^' M vol^ is continuous on 
[1, +oo), is strictly greater than Vol for = 1 and its limit is strictly less than Vol 
when fi goes to +oo (if dj < 0, the inequalities are inversed). Hence there exists some 
ji\ so that f x \ D e^'n vol w = Vol. Repeat this construction near D2, . . . , -Djv, to get 

a function /' G C™(X\D) such that f^ef'vol"' = Vol and Qu} , - iddf < -c'u. 
Denote by 77 the difference iddf — iddf , so that 

N 

v = idd [ J2 % ( - Xo {uf -K)+xo {u/ 2 - HjK) + X o {uf - (^ + 1) K) ) ] (16) 
3=1 

with well-chosen /ij (this will be useful below), and notice it has compact support 
on X\D. 

Now apply the first part of Theorem 13. 21 to oj' and /'; then Q^^qq^ = Qui' —iddf < 
—c'u. Set w = (j' + idd(f to conclude. Notice that we could have applied the second 
part with e > small enough, and still get Q^^gg^ = Qui' — iddf — eidd(p e < —c' £ cu 
with c' e > 0. Notice moreover that we can take arbitrary positive Aj, in particular 
we can take them equal. 



3.2.2 Proof of Theorem 13 . 3t the general case 

Assume now there exist some codimension 2 crossings, and that it is the highest 
possible codimension. In what precedes, we first solve Calabi problem on the divisor, 
and then construct a potential on X\D from the data of potentials on the divisor. 
We are following here the same process, now we know approximately how to solve 
Calabi problem when the divisor is smooth. For the sake of simplicity, assume 
that D = D\ + D2, and that the decomposition of D' — D\ H Di into irreducible 
smooth components writes Y^=i^p an( ^ observe that Di\D', D 2 \D' are endowed 
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with Poincare type Kahler metrics, namely oj\di\d> an d u\d 2 \d'- Once again, the 
adjunction formula applies nicely to give 

K x [D]\ Dl = KxiD^o, ® [D 2 ]\ Dl = K Dl ® [D'] Dl , 

that is the intrinsic Kp^D'] on D\. One step further we have 

K X [D]\ D , = (K x [D]\ Dl )\ D , = (K Dl [D'])\ D , = K D , 

for all j = 1, ... , N'. Thus Qq\d'. G — 2ttci(Kdi, ) as soon as go is smooth in — 27rci(K[D}). 
Take such a go, such that qq < on X. 

Set as usual Uj = log(A + pj) on X\Dj, j = 1,2 (A > adjustable), and notice 

that when k ^ j, Uj\D k plays the role of YliLi u 'k i on ^& where u' k l would be defined 
on Dk as a function with "log log" behaviour near D[. 

As for the smooth divisor case, if ipj G C°°(D'j) is such that wo|d'. + iddipj has 
Ricci form Qq\d>. (Calabi-Yau theorem for smooth manifolds), we can extend it as a 
smooth function if) on X so that 

wi := u) \ Dl + idd(ip\ Dl ) - idd(u 2 \ Dl \D 2 ) 
and u 2 := w |d 2 + idd{i)\ D2 ) ~ idd(ui\n 2 \ Dl ) 

are Poincare type metrics, respectively on D\\D 2 and D 2 \Di, with respective asymp- 
totics u \d> + iddiPj + j^jgpgj^ + 0°°(p 2 - 1 ) near D< given by {«; = 0} in D u and 
^o|zx +iddipj + ^p^g^^p) +0 oo (p ] ^ 1 ) near U- given by {2 = 0} in D 2 , and moreover 
such that their Ricci forms have respective asymptotics Qq\d>. ~ \ w ^ioJ*([w\ 2 ) ^^^(P^ 1 ) 
near D] in D x and g Q |^ - |z|2 2 jgg |2) + 0™{p^) near ^ in D 2 . 

Now applying the construction of the previous paragraph, we find ipi G ifi G 
C™(Di\D') and y? 2 G C™(D 2 \D') such that 

Qun+ti&p! =(Q ~ id 9ui - iddu 2 )\ Dl \ D2 + eidd^ + r] 2 \ Dl 
and Qua+riSipa = (e~ id ^ui - iddu 2 )\ D2 \ Dl + eiddip 2 + Vi\d 2 

with £ arbitrarily small (and 7 = 7(e)) and rji with compact support in X\D 2 
arbitrarily small in C°°(X\D 2 ), rj 2 with compact support in X\Di arbitrarily small 
in C°°(X\Di), constructed as rj in (TTB]) (notice that the formulas respectively make 
sense on the whole X\D 2 and X\D%). This only changes the asymptotics near the 
Dj by putting an exponent —7 instead of an exponent —1 in the O 00 . 

Now consider a function ip on X\D such that ip is the sum of a function in 
C™(X\D) and a smooth function on X, such that <p\d 1 \d 2 — Vi, V^IaA-Di = ¥2, and 
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uq + iddtp — iddu\ — iddu2 > on X\D. We observe then that its Ricci form differs 
from po + 2(iddui + iddu2) + rji + i]2 — eiddip < —cu by some 0°°(p~ 7 ). 

Following the same process than in what precedes (weighted <9<9-lemma, correction 
of constants near D, approximate Calabi-Yau theorem,), there exists some tp' in 
CJ(X\D), i > 0, such that u + idd(cp + cp') - iddui - iddu 2 > on X\D and its 
Ricci form is arbitrarily close to p + 2{iddu\ + iddu2) +i]i + r]2 — eiddip, and can in 
particular be taken —cu for some c > 0. This rules out the simplest codimension 2 
case. 

The proofs of the cases where there are more Dj (with possibly some disjoint 
from the others) or where the codimensions of the crossings are higher are just 
careful repetitions of the techniques used here. □ 

3.3 The weighted dd- lemma 

We precise that everything in this section is independent of the ampleness of K[D]. 
We formalize what is a real (l,l)-form which is a 0(p -7 ) at any order (or at order 
(k,a)) by the following: 

Definition 3.5 Let (k, a) G N x [0, 1), 7 G R. We set: 

r M( A (i,D) =p -7 r M( A (y)) ) 

and endow the it with the obvious norm. We also set T^A 1 ' 1 ) = p~ 7 r°° (A 1 ' 1 ) . 
The result we used in the proof of Theorem 13.31 writes: 

Proposition 3.6 (Weighted dd-lemma) Let (k, a) G N x (0,1), r] G T^' a (A^ 1 ' 1 )) 

an L 2 exact 2- form, (3 > 0, and <p the dd-potential of r] with zero mean w.r.t. some 
Kahler metric of Poincare type uj' . Then <p is in fact in E^ +2,a (to') , and there exists 
a constant C = C((3,k,a,uj') such that \\(p\\ E k+2, a < CU^Upfc.a^i^. 

Proof. We decompose it with the help of three intermediate lemmas: 

Lemma 3.7 Let g be a Kahler metric C°° -quasi-isometric to the model u. There 
exists a constant c = c(g) > such that for any (k,a) G N x (0, 1), e G (0, 1] and 
7 G [0, ce) the e-perturbed Laplacian A g + e : C^ +2,a — > C^ ,a is an isomorphism. 

Proof of Lemma \3. 71 For 7 and e > 0, one has to check that the conjugate op- 
erator £ 7 , £ = p 7 (A, + e)(p-^) = A g + (e - - 2 7 ( 7 + l)|f |J) + 2 7 (-, f ) g 
is an isomorphism from C k+2,a to C k,a . Following |TY1] . p. 589, this is true when 
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sw£> x \D + 27(7 + < e (the first order term in £ 7;£ does not matter). 
Taking A = sup x \ D ^y--, B = sup x \ D \^f\ g i this latter inequality is easy to check for 
all e e (0, 11 and 7 <G [0, ce) where c = f B ■ 

Lemma 3.8 Under the assumptions of Proposition [37b} if G C k+2 ' a , and there exists 
a constant C such that ||(^|| C fe+2, Q < C||77|| r k,<*. 

Proof of Lemma \3.S\ It uses a perturbed Moser's iteration scheme, with parameter 
e. Namely, define ip £ as the solution of A u ^ £ + eip £ = — 2tr" (77), given by Lemma 
13.71 Once noticed that j x ^ D if £ vol" = (integrate the equation satisfied by if £ ), 

just copy word by word the proof of Proposition 14.61 below, replacing 1 — e^ +£LPe by 
—2 tr w (jf) — eip e (again, the e are not a problem, and merely play in our favor; for 
instance, j x ^ D \ dip £ \ 2 vor' = f x ^ D ip £ Aif £ vol w ' = j x ^ D if £ {-2 ti"' (if) - e(p e ) vol"' < 

l^tr" (77) I ] x# 2 1 1 1 1 -Z^ 2 ) j by (o/) m-1 , and noticing constants C and C" of Proposi- 
tion HJ)] , which depend on /, can be replaced by constants independent of 77 times 
IMI r k>a(Ai,iy Then notice if is a C^ c - limit of (if £ ) £> o with e going to 0. ■ 

Remark 3.9 This could appear a bit short, but we have preferred to develop the 
computations of such a Moser's iteration scheme in the slightly more difficult case 
that is Theorem \S. b A Notice that both proofs use the Sobolev embedding (Lemma \4-4\ ) 
stated in paragraph \4-l.l 



Next, we come to the technical core of the proof: 

Lemma 3.10 Under the assumptions of Proposition U7b\ set (3' = min{2,/3}. Then 

11 1 1 P' 1 1 

ip = ip + Y.k a k v k with II J2j I lo S l CT il| i>\\ c a - CIMIc*"- 

Proof of Lemma \3.1(A We limit ourselves to the case of codimension at most 2 of the 
crossings for the sake of simplicity. Notice that assuming this proposition, the are 
automatically controlled as in the statement of Proposition ^. 6[ because for all k, at = 
lim x _ ¥ T) k {ifi — ip){x), and we already control ||</?||co. We choose a connected component 
Pit of D, which we can split into smooth irreducible components D\, . . . , Dj. We first 
work around D\, which we cover with polydiscs of coordinates {|^i|, . . . , |z m | < -} 
where D\ is given by Z\ = 0, and in case of a crossing the other component is given 
by {Z2 = 0}. Now if we choose one of these polydiscs, V say, two situations can 
occur: 
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1. There is no crossing in V . Write Z\ = re 10 = e e +te , z' = (22, . . . ,z m )i and 
equip each punctured disc {0 < \zi\ < \} with the standard cusp metric 
dt 2 + e~ 2t d9 2 . The equation (iddcp)^ = tjh := ^J^^) rewrites {(d 2 - 
d t ) + e 2t dg)(p = f, with \f(zi,z')\ < C||?7|| r oe _/3 ' where C depends only on our 
polydisc. Now decompose ip into ip Q + with ip Q invariant with respect to 9, 
and ip± orthogonal to the constants on each S 1 . In the same way, decompose 
/ into f + f±; \fo(t,z% \f±(t,z')\ < C||r ? || r oe~' 3 ' still hold with a possibly 

bigger C still depending only on V. Then ipo verifies (d 2 — dtjipo = fo(t,z'), 
and we solve this writing: 

/■ + 00 f+00 

<p (t,J) = op(zf)+ J'dt' e-*'f Q (f, z')dt" (17) 



(with the fact that (p is L 2 for e~ l dt vol D to get rid of an additional term 
x(z') e *)- Notice that for each (t,z'), the double integral is in absolute value 
less than ^^-gy||f (•, z / )e /3 '|| r oe~ /3 *, and in particular <p (t,z') tends to a-p(z') 
exponentially fast when t goes to infinity. Moreover we can write a-p(z') = 
(fio(0, z') — Jq°° e 1 ' dt' j t ,°° e~*" fo(t", z')dt" for all z', which gives a C° bound on 
a-p depending only on the polydisc and Hr/H^o.a. 

We still have to deal with ip±. Since it is orthogonal to the constants on 
every circle, we can write \<p±(t, 6, z')\ < it 2 sup^ 6 r 0)27r ] | ^$r(t, 0' , z') | for every 
(t, 8, z'), and this can be rewritten as: 

\Mt,9,z')\<n 2 e- 2t sup ( - ^ + ^ + f ± ) (t, 9', z') 

6»'e[0,27r] v Ot J 

for every (t, 8, z') thanks to the equation verified by (p±. The sup in the latter 
right hand side is smaller than CH^H^o.a with C depending only on the polydisc, 

thanks to the C 2 estimate on (p and hence on tp± we got from Proposition 13.81 

We can sum this up saying that on V, \<p — a-p\ < C-pl^llpO.ae - ^'*, with \a-p\ < 

Cp||ry|| r o,a (and a-p independent of Z\ and continuous). 

There is a crossing in V . Write again Z\ = e~ et+ie , and z" = (23, . . . , z m ). 
Nothing impedes us to lead the same analysis as above in V but outside of the 
(m — l)-dimensional polydisc {Z2 = 0} (we can still write down the integrals 
and take suprema) to see once more that \(p — a-p\ < Cp||?7|| r o, Q e _ ^ *, with 

\a-p(z 2 , z")\ < C-p\\7)\\i<o, z 2 7^ 0, and a-p continuous outside of {z 2 = 0}. 
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We want to improve our analysis of the crossing case, but so far we can collect the 
information we got when working around D\. Notice that the oq patch together; 
indeed, if x G D\ has coordinates z'^ in Q\ and z'^ in Q2 (and up to increasing the 
number of polydiscs we can assume Qi PI Q2 has nonempty interior), we have that 



a Qi( z ' {1) )= Jim <p(y)= Jim <p(y) = lim ip(y) = a Q2 (z' {2) ) 
yeQi\D! ye(QinQ 2 )\Di yeQ 2 \r>i 



Let us denote this function induced on D\ by a. Thus a is continuous and bounded 
on Di\ Uf =2 D[. It is furthermore pluriharmonic. Indeed, choose a test (m — 2, m — 2)- 
form x on Uz=2 or more precisely on some polydisc in D\ from which we re- 
move \}\ =2 D\. There is no loss in generality in assume that this polydisc is QC\Di for 
one the Q considered above. It the sense of currents, (id z 'd z >ip, x) — J D n o^9 z 'd z 'X- 
Now since we are working on Q, we can write this as j Din Q^Qid z >d z >x, arid this 
rewrites //w_. log | Jsl i) =t i f{ z i, z')id Z 'd z 'X + 0{e^' t ). This latter integral is equal to 
/{iog(-iog|*i|)=t} , 7 / A * h y Stokes' theorem, where r)' = Y. VA >2 r }vH dz v < ^- Clearly this 
is 0(e _/3 *), so finally (id z 'd z >ip,x) = 0- 

Finally from the fact that for a Poincare metric, the domain of the Laplacian 
L 2 — > L 2 is H 2 , we get that a is H 2 on D±, and an integration by parts says it is 
constant. Let us go back to the polydisc V with a crossing, and write zi = e~ eS+lC: . 
We now know there is a constant c\ such that \(p(zi, z%, z") — c\\ < Ci 1 1 ^7 1 1 o '" e_ ^ *■ By 



"3 



symmetry, there is a constant C2 such that \ip(zi, Z2, z") — C2 1 < ^H^IUo^e /3 ' s . Since 



p 



t and s are arbitrarily big, this forces c\ and C2 to be equal. In the general case, this 
shows that the constant induced by if is the same on all the irreducible components 
of a common connected component T>k of D, and we can write, if this constant is 
denoted by a^, that there exists a constant C such that on a fixed neighbourhood of 
Pfc, \(p — Ofc| < C||?y|| r o,a ( Yli=i I 1°S 13 ■ The lemma is proved. ■ 

End of the proof of Proposition \3.G\ We are now performing a last improvement to 
our controls to get the result of Proposition 13.61 First, assume (3 < 2, so that 0' = (3. 
Then, Schauder estimates on balls of quasi-coordinates with mixed weights give us 
a constant C such that 



log|<7j||^ (y-y] a*ttfc ) c2a <C\\r]\\ c o, a . 



j k=l 



To prove the theorem (at order (2, a)), one needs to change the sum of weights 
log \ o~j\\ into a product of these weights. Notice that this is automatic away from 
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the crossings of D, so that we can focus on what happens near a crossing of the 
component which is assumed to have codimension 2. As in the proof of Lemma 
13.101 we consider a polydisc P = {|zi| < -} x • • • x{|2i m | < -} around a crossing given 
by {zi = 0} U {z 2 = 0}, and we set z\ = e~ et+td , z 2 = e~ eS+t ^ and z" = (z 3 , . . . , z m ). 
Take a punctured disc {^i} x {0 < \z 2 \ < \} x {z"}, on which we can write, according 
to the proof of Lemma 13.101 

r+oo i>+oo 

ip(zx, s, C, z") = a k + e s 'ds' / e~ s " ' f Q (z x , s", z")ds" + (p± a (z 1} s, (, z") 



where / = \z 2 \ 2 log 2 ( | -^2 1 2 ) ^7 ( , ^§=) and f is its (^-invariant part (so that one has 
|/o|j l/l < C 1 1 1 1 c° e /^C*-!-^) ; C depending only on V), and ip± 2 orthogonal to the 
constants on each circle {s = constant} verifying 



ds 2 ds d( 2 ±2 

so that 9 Q^t 2 = e~ 2s (f± 2 ~ ~ ' q s 2 2 + 8 g^ 2 ) , which is, among others, smaller than 
C||r7|| c ,o, a e _ ^'^ +s - ) thanks to the C 2 control we have on I log|^||^ (ip — a&), hence 



the C° control on e^' 1 ( g s t 2 Ij 2 ")- Then conclude using |<pj_ 2 (2i, s > C> z ")\ — 

2 I d 2 f± 2 / i/ //\ I 

7T SUp^, e [ 0j27r ] I ^2 [Zl, S,L, ,Z)\. 

When (3 is > 2, observe that on the ^-invariant parts we have the desired 
control. Now, for the orthogonal part, after using Schauder estimates we have a 
C 1 !;" control on (ip — a^). Applying the technique above first give a C° control on 

Y[j I log \ (Jj 1 1 2 ( 52 ■ I log |) mm ^ 2 ' 2 ^(v 9 — Ofc)> hence a C 2 ' a control, and applying it 
once more gives a Cm in {^ 4 }, hence a C^in{/3 4} con trol. Just repeat the argument as 
many times as necessary to get a C° control, and conclude with weighted Schauder 
estimates. □ 



4 Proof of the Calabi-Yau theorem on X\D 

As underlined in our comment following the statement of Theorem I3.2[ which is 
new here decomposes into to parts: uniform unweighted bounds on the approximate 
solutions, to which we devote the next section, and the fact that approximate solu- 
tions lie in weighted Holder spaces, to which we devote section 14.21 Moreover, an 
easy observation on the statement of Theorem 13.21 is that it is enough to have the 
announced uniform C k bounds on the ip e to get ip with a diagonal extraction, so we 
are only looking for such bounds, and not for possible weighted C k bounds. 
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4.1 Uniform bounds 

Before starting, notice that when X is a Riemann surface, the theorem follows at 
once from Lemma 13.71 and Proposition 13.61 In this section and in the following, we 
are thus assuming that m > 2 (nonetheless Lemma [4.41 also holds if m — 1). 

4.1.1 Order zero estimate 

To get a C° estimate, we follow a Moser's iteration scheme. Nonetheless, it will 
be more convenient to work also on the normalized potentials ip £ := tp £ — a £ with 
° e := Vol Ix\d < -P £V °^ UJ • ^ n w hat follows, all the LP norms are taken with respect 
to vol w unless another measure is specified. Similarly, g refers to the Riemannian 
metric u/(-, J-), V to its Levi-Civita connection, and Holder norms of functions and 
tensors are computed with respect to u'. 

Proposition 4.1 In the conditions of Theorem \3.2l there exist constants C and A 
only depending on u' and f such that for all e G (0, 1], H^elU 2 < C and \a £ \ < A. In 
particular, ||<£> £ ||l 2 < C = C + A Vol. 

Proof. We start with the L 2 estimate. Fix e G (0, 1], and set u' £ = u' + idd(p £ and 
T £ := (u')" 1 - 1 + (u/) m ~ 2 A (u' E ) + ■■■ + K) m_1 . Notice that T £ is closed, greater than 
or equal to (u/) m_1 in the sense of real (m — 1, m — l)-forms and that iddip £ A T £ = 
(oo' £ ) m - (w') m = (e f+£ ^ - l)(u/) m . Now, since 

idd((p 2 £ T £ ) = 2id(p £ A dip e AT £ + 2^ £ iddip £ A T £ , 

and f x ^ D idd((f £ T £ ) = (Gaffney-Stokes), we have: 

/ id(p e A d<f £ A T £ + / Ve (e f+£ ^ - l)(u/) m = 0. 

JX\D JX\D 

Noticing that idip £ A ~3tp £ A T £ > idtp £ A ~3(p £ A (u/) m ~ 1 and that (e /+e ^ - l)<p e = 
ef(e eipE — l)tp £ + {e* — 1)<£> £ > (e^ — l)^p £ (because e eipE — 1 has the sign of (p e ), we get 
that: 

/ id<p e A d<p e A (a;')' 71 " 1 < I <p 6 (l ~ e f )(oo') m - 

JX\D J X\D 

Since f x \ D (l — e f )(uo') m = and dtp £ = dip £ , this rewrites J x ^ D idijj £ Adip £ A(u') m ^ 1 < 
f x \ D (l — e^)tp £ (uj') rn . The left-hand-side term of the latter inequality is Ho^H^ • 
From unweighted Poincare inequality (jPTl) (ip £ has zero mean) and Cauchy-Schwarz 
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inequality, it then follows that ||^ £ ||l 2 < C7p»|| 1 — e^|| L 2 := C, which is independent 
of e. 

Let us now estimate a £ , and to begin with, see how to get an upper bound 
on it. Integrating both parts of the equation (co' + idd(p £ ) = e^ +eVe {ijj') m yields 
Ix\d e ^ +£LPe v °l w = Vol. Hence Jensen inequality says J X ^ D £^p £ e^ vol^ < i.e. 

f x ^ D ip £ e f vol 1 "' < 0. Now a e Vol = f XXD e f (<p £ - i/} £ ) vol" < - f XXD e f i[) £ vol w ' so 
by Cauchy-Schwarz, 



Vol ~ Vol 7 
which does not depend on e. 

On the other hand, in order to get a lower bound on a £ , let us define b £ : = 
Vol Ix\d l f >e v °l We > i- e - b £ is the mean of ip £ with respect to the metric it defines. This 
way, Vol = f x \ D efvor' = f^ D vol w « > f^l - eip e ) vol** = (1 - eb £ ) Vol, 
so b £ > 0. Therefore, a £ > a £ - b £ = ^ f x ^ D p e (vol w ' - vol"*) = ^/^(l - 
e /+^ E )^ eVO r' > - l|1 ~ ef+£ ^ 2|IV ' E|1 ^ . To conclude, repeat ||^ e || L 2 < C, and use 
kv^el — \f\c° to get a £ > — 2C ^y° l i/ 2 — — , which is again independent of e. □ 

Next proposition is central in our upcoming iteration scheme: 

Proposition 4.2 Under the assumptions of Theorem \3.S\ for all e G (0, 1] and all 

p > 2 we have: 

X\D 4 IP _ L ) JX\D 

Proof. Fix p > 2 and e G (0,1]. Again from the inequalities T £ > (a;')" 1-1 and 
(1 - e^)|^ 6 |P-V e = (1 - eOl^l 1 - 2 ^ + e / (l - e*<")\<p e \*- 2 <p e < (1 - e^^rV 
the proposition is proved if we show the identity 



EJ 



•0(1^) A d{\ Ve \ p ' 2 ) AT £ = / |^rV(l - e^)K) m - 

But this simply follows from the direct computation 

idd(\y e \ p - l Ve T e ) = p\cp £ \ p - 2 cp £ iddcp £ AT £ + p(p - l)\<p £ \ p - 2 id<p £ A d Ve A T £ , 

the identities idd</? £ A T £ = ( e f+e ^ - l)(u/) m , |y? e | p - 2 2<9^ £ A% = 4ri<9(|^ £ | p / 2 ) A 
d(\if £ \ p / 2 ) and r xw ^(|(^ e | p -V £ T £ ) = by Gaffney-Stokes. □ 
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Before deriving inductive controls in our iteration scheme, we have to enlighten 
which Sobolev embedding we are going to use, and in particular between which 
(weighted) Sobolev spaces: 

Definition 4.3 Let q G [l,+oo). We set: 



Lf = \v G L q loc \ [ \v\ 9 pvol 0J ' < +00} = L 

L JX\D J 



1 

pvol u 



>X\D 

and if k > N, we call Lq U the space of functions v G L q, oc such that |V J f | G Lq'° for 
j -0.... ...k. 



Lemma 4.4 Let qi > q\. Then one has the continuous injection Lq 1 ' ^ Lf' u as 
soon as — < — + 7T-. 

<?l — q 2 2m 

Proof. We only need to look at what happens near the divisor, and even near 
crossings, since the smooth divisor case is ruled in |Biq , Lemma 4.4. We assume for 
simplicity that the crossings have codimension two in X. Let us consider a small 
polydisc U around a point in such a crossing, and let us cover U\D by a union (with 
the notations of 11.1. 2p 

U $ un p = (|a) 2 xa- 2 , 

k,l>0 

where the Sk,i = (Si, Sf) G (0, l) 2 can be chosen so that 1 — Si ~ ^ (resp. l—S] ~ ^r) 
when k (resp. I) goes to 00 (we choose them in a similar way as the Sk of the proof 
of Lemma ll.lip . In this way, $s h *pi (resp. &s k *P2) is mutually bounded with 2 k 
(resp. 2 l ), i.e. &s kl *P is mutually bounded with 2 k+l . We can also assume that 
the metric on U\D is the product gu of two standard cusp metrics by a euclidian 
metric, so that all the §s k *9u give the same metric on V . We also have Mlp(c/\d) ~ 

;>o 2^11^4 /HI lp ^ or an ^ P — Now we know that there exists C > such 
that for all w G L qi,1 (V), \\w\\ L q 2 ,of-p\ < C\\w\\ L qi,if V \. 

Take v G Lq 1 ' ; then 



fc,Z>Q fc,i>0 



fc,i \\ L12 

<42 



fe,i>0 fc,/>0 

*(vp 1/qi )\\ q2 ,) qi ~C\v\ q2 ! □ 



fc,«>0 
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Let us come back to our iteration scheme. Set e = min{|,-^j,l + ^} > 1 
(beware e is not related to e), so that we have a continuous embedding Lq 1 e — >■ -Z^ 2 , 6 ' , 
of norm Cs b say, according to the latter lemma. Let dp be the measure p 1 ~ e vo\ UJ . 
We have the following inductive control formula: 

Proposition 4.5 Under the assumptions of Theorem \3.2\ there exist two constants 
C and C such that for all e G (0, 1] and all p > 2, 

\\<Pe\\ P L P* <C\\(p £ \\ P L p + C'p\\^ £ \\ P ~ P }. 

d/j, d/j, dfi 



Proof We are going to use the inequality of Proposition I4.2[ but first, if B denotes 

dp I 
p \ui' 



sup x \ D | — |^,, an easy computation yields (p and e are fixed): 



/ \d( P -^\tp £ \v/%,pvor' < 2 [ \d\<p £ \^\l,vor' +±b [ i^fvor' 

JX\D ~ JX\D ~ z JX\D 

so that ||p- 1/2 |^l p/2 |L^ <2/ AD |rf|^|^ 2 | 2 vor'+(|S + l)/ x ^|^|fvor. Apply- 
ing Poincare inequality (with a mean term) to \^p £ \ p ^ 2 we get: 



ip- i/2 i^n 



2,i <c [ \d\<p £ \ p i 2 \ 2 ,vor' +c( I |^ £ | p/2 vor' 

JX\D \Jx\D 



with C = 2 + (|S + l)C P and C = (|S + l) Vol -1 . Now, (/^ |^ e | p/2 vol^ ) < 
( Ix\d \ l P £ \ P P l e vo ^ ) ( Ix\d P e l vo ^ ) ' an< ^ ^his latter integral is finite since e — 1 < 
| < 1. We also know from (JTB) that |% £ | p / 2 | 2 , vol"' < jg^ J x \ D \l ~ 

e^H^l^vor', and by Holder this smaller than -A* ( f x > D \tp e \ Pp 1 -" vol"' ) (p ~ 1)/p 
(Jx\d(|1 — e-^ | y o e ~ 1 ) j: 'p 1 ~ e vol w ) 1 ^ P , and the last factor is always less or equal to 

( Ix\d P l t vo ^ ) 1 ^ P |I^ ~~ e ^llcj] — C f° r some C depending only on u/, p and e (the 
"parameters"). To sum all this up, we say there are constants C and C only depend- 
ing on the parameters so that for all p > 2 (and for p = 2 with similar arguments) 
and all e G (0, 1], 



a < C||y9 e || p P + C'pII^I^p 1 - 

d\L d/j. 



Applying the Sobolev embedding stated in Lemma 14.41 to p 1 ' 2 \(p £ \ p ' 2 , we exactly 
get that ll^ll^-pe is less than or equal to C 2 Sob times the left-hand side of the latter 

dfi 
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inequality, so finally up to renaming the constants there are C and C only depending 
on the parameters such that for all p > 2 and e G (0, 1], 

ll^ll^pe < C||v? £ ||^ P + C'pWifeW 1 ^ 1 . □ 

dfi dfi d/j, 



Since under the conditions of Theorem 13. 21 we have an initial estimate on ||<^ £ ||i,2 
and hence on H^ellia (vol w dominates dp,) independent of e, it is now an easy exercise 
to show that there exists two positive constants Q and G\ depending only on the 
parameters such that 

\\^\\ L% < Q(c lP y m/p 

for all p > 2 and e G (0, 1]. Letting p go to oo, we have thus proved: 

Proposition 4.6 (Uniform C° estimate) Under the assumptions of Theorem \3.2l 
there exists Q = Q(u,u', \\f\\c°) suc h that for all e G (0, 1], ||^e||c° < Q- 



4.1.2 Second order estimate 

We are now looking for second order estimates, which as usual when dealing with 
Monge-Ampere equations derive from the C° estimate. If we denote by A (resp. A e ) 
the Laplacian of u/ (resp. u>' £ = u> + iddip E ), then Joyce's computation | Joy ] , p. Ill 
(replace / by / + E(p £ ) for Aubin-Yau formula writes: 

A £ (Av? £ ) = - 2A(/ + ecp £ ) + Ag a ~ x gfgfV a ^ £ V- x ^ £ 

+ 4gf ^((Rm-')^V ae -^ - (Rin w ') e M V 7 ^.) 

(factors 2 and 4 are due to the fact that Joyce works with half-Laplacians and dd c 
instead of idd). Thus Aubin-Yau inequality becomes: 

Proposition 4.7 Under the assumptions of Theorem \3.2\ let e G (0, 1] and set F v = 
log(2m — Aip £ ) — K<f e where k is some real number to be fixed later. Then 

A £ F £ < - e + 42m - {g £ )^g aB ) + C(g e )^g aP 



where C is some constant depending only on II Rm" 



I co- 



Corollary 4.8 (Uniform second order estimate) Under the assumptions of The- 
orem there exits some constant Q\ = Q\{y,u', ||/||cg, ll/llc 2 ) such that for all 
e G (0, 1], 2m — A(p E < Q\. This provides in particular two constants Q2 and c > 



such that for all e G (0, 1], Hidc^H^ < Q2 and cu' < u' e < c 1 u' 
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Proof. Choose k = C + 1 in Proposition 14.71 Remember that 2m — A(p £ > 
2me -2 "^"c°/ m > (look at the eigenvalues of idd(p £ with respect to to'). It follows 
that at any point 

A f 4- 2pm 

= (« - C)(g £ )^g a0 < -A £ F £ + ^ _ -£ + 2m K < -A £ F £ + C" 

where C" = 2mK + 2^e 2 "^"c°/ m (|| A/|| c o + 2m), which is independent of e. Apply 
Wu's maximum principle ([Wu], Lemma 3.1) to A £ (for fixed e G (0,1], we know 
that u' e is quasi-isometric to u' from |TY1] ) and F £ and make possibly some extrac- 
tion to get a sequence (xj) of points of X\D such that lim^oo F £ (xj ) = sup x \ D F £ 

and Hindoo A £ F £ (xj) > 0. Hence up to a shift on the indexes, {ge) 9 a ^i x j) ^ 
C + 1 for all j. Moreover, play with the eigenvalues to see that 2m — A(p £ < 
2([g £ ) a P g a fi) m e^ +£lfe at any point, so for all j this gives 2m — Aip £ (xj) < 2(C + 
j_^m-i e 2||/|| c o _ pj U g this into the definition of F £ to evaluate the F e (xj), and let j go 
to oo; this yields sup x \ D F £ < 2||/|| c o + (m — 1) log(C" + 1) + Iog2 + fi;||(y9 £ || c o. Finally, 
again by definition of F £ , this tells us that 

2m - A^ £ < 2(C" + l)" 1 " 1 exp(2||/|| c o + 2k||^|| c o), 

which can be made independent of e by noticing we have a uniform bound on ||<^ e ||c° 
by Proposition 14.61 □ 

4.1.3 Third and higher orders estimates 
We shall now prove: 

Proposition 4.9 (Uniform third order estimate) Under the assumptions of The- 
orem WJ^, there exists a constant Q% such that for all e G (0, 1], || \7idd(p £ \\ c0 < Q%. 

Proof. The starting point is again due to a hard but local computation by Yau 
|Yau] (see again |Aubj ). Define, for e G (0,1], S £ such that 4S 2 = \Vidd(p £ \^ , so 

that S 2 = {g' £ ) aX {g' £ )^ {g' £ )^ v y ap-y^e^ x^v^Pe m local holomorphic coordinates. Yau's 
computation writes: 

-A £ (S 2 e ) = |V W ^ 6 - {gef^ahf^m^ ' 2 



+ J* 2 ' 1 ((&)°*, V^., V^(/ + e%)) + Q 4 ' 2 ' 1 V a ^ e , Rm« 6cd ) 

+ P 3 - 1 ' 1 V a ^ £ , Va^(/ + e^ e )) + Q 3 ' 1 ' 1 V Q ^ £ , V e Rm% cd ) 
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where the P^ k ' 1 et Qi ,k > are polynomials with constant universal coefficients in the 
entries of three matrices, exponents j, k and I indicating the degrees of the coefficients 
of those matrices. 

In view of Corollary 14.81 there exists a constant C\ > 1 depending only on the 
parameters such that for all e G (0, 1], A £ (S 2 ) < Ci(S 2 + S £ ). On the other hand, 
we can use formula (fT9l) to assert there exists constants c > and C 2 depending 
only on the parameters such that A £ (Aip £ ) < cS 2 — C for all e G (0,1]. Collect 
those two inequalities to write A £ (S £ — 2cC\C 2 Aip £ ) < —Ci(S £ — |) + C, C : = 
2cC\C 2 + \C\. Now choose a sequence of points (xj) of X\D such that limj^ 00 (5 , | — 
2cC 1 C 2 Aip £ )(x j ) = sup XVD (Sf-2cCiC 2 A^ £ ) and lim^oo A £ (S 2 -2cC 1 C 2 Aip £ )(x j ) > 
0. Then up to a reindexation A £ (S 2 — 2cCiC2A<p £ )(xj) > — G\ so that (S £ (xj) — 

I) 2 < 2cC 2 + I or S £ ( Xj ) < C 3 := {\ + (2cC 2 + |) 2 ) for all j. Letting j go 
to 00, this tells us that sup x \ D (S £ — 2cC\C 2 Aip £ ) < C3 + 2cC\C 2 \\ ALp £ \\ c o, hence 
ll'S'ellc ^ (C3 + ^ C C\C 2 \\ Aip £ \\ c o ) 1 / 2 , which can be made independent of e with help 
of Corollary □ 

As an immediate consequence, let us state: 

Corollary 4.10 Let a G (0, 1). Under the assumptions of Theorem \3.2l there exists 
a constant Q a such that ||a; £ ||ro,a(AM) < Q a for all e G (0, 1]. 

Finally, the usual bootstrap argument allows us to conclude. Indeed, fix a G 
(0,1); in formula ( Fl9l) . the operator A e is uniformly elliptic on a quasi-coordinate 
system and its coefficients are controlled in C 0,a , these controls being independent 
of e. We have a uniform C° control on the right-hand side terms and on A<p e , 
independent of e. Thus, using quasi-coordinates, Schauder estimates give a uniform 
C 1,a on Aip £ independent of e. Since we have a C° estimate on ip £ which does not 
depend on e, we get a C 3,a control on (p £ , independent of e. Plug this back into 
formula f lTO]) ; the operator A e has now its coefficients controlled in C 1,a , and the 
right-hand side terms are controlled in C 0,a , with controls independent of e. We 
deduce from those a C A,a control on ip E , again independent of e. Going on this 
induction, we see that for all k > there exists a C k,OL bound on the ip £ independent 
of e. 

4.2 The approximate solutions are in weighted spaces 

Once we know that one of the potentials (p £ of Theorem 13.21 is in some C°, 7 > 0, 
fast decay of its derivatives easily follows: 
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Proposition 4.11 Under the assumptions of Theorem \3.2l let e £ (0,1]. Assume 
that Lp £ £ C° for some 7 £ (0, v\. Then ip £ £ C°° . 



Proof. We start by proving that <p £ £ C}? a where a £ (0, 1) is fixed. The statement 
is local near D, so we are looking on what is happening there. We take a small 
polydisc U = (cA) k x (|A) m (c > small) around a point of a fc-dimensional 
crossing, and in which the components of D are given by respective vanishings of the 
first k variables. Now set V = (|A) x A m ~ fc and $5 : V A m as in section 11.11 

for 5 £]0, l[ k , so that U\D C U5e]oi[ fc ® s \2>l' ^ e neec ^ ^° estimate \\p y '-Pe\\c 1 ' c '{u\D)i 
which is comparable to 

1 



sup 71 — ui n — av7 $<5 *^ 



'2' 



Now consider on V the second order operators Pg : v 1— > tddvA ' 5>s L^l^_+rj±fek) 1 

for 5 £ (0, l) fc . Since ip £ £ C°°(X\D), we have uniform ellipticity and uniform C l 
control for all Z > on the coefficients of the Pg, meaning for instance that there 
exists a constant C such that for all 5 £ (0, l) fc , 

\M cl , a{ l v) < C(\\Pgv\\c (p) + \\v\\co( V )) 

for all v £ C 2 (V) such that HP^He-op?) is finite. Now, notice that Pg(§g*(p £ ) = 
1 _ e *«*/+***'<P« f or a n § e (0, l) k . But / £ C° and <p £ £ C°, 7 < 1/, so that 
||P«5($ < 5*(y9 e ) ||c°cp) < C(l ~~ ^i) 7 ■ - • (1 — 5fc) 7 for some C independent of 5. In the same 
way, || <&s*ip e || c°(-p) < C'(l — 5i) 7 ■ ■ • (1 — <5fc) 7 for some C independent of 5. Thus 
(1-^)^3.(1-^)7 II $5*<Pe 1 1 C x, a{ l v) is controlled independently of 5 i.e. ||pV e ||ci,<»(i7\D) 
is finite. Take enough of such U to declare that \\p' y <p £ \\c 1 ' a (x\D) is finite, that is 
if £ £ C 1,a (X\D). Reinject this in the previous argument (in the \\Ps(^s* ( Pe)\\c 2l - 1 ' a (v) 
controls) to get step by step that (p £ £ C* l+1 ' a (X\D) for all Z > 1. □ 



With the latter proposition, in order to complete the proof of Theorem 13. 2\ we 
finally have to show: 

Proposition 4.12 Under the assumptions of Theorem \3.2\ there exists a constant 
c> such that cp £ £ C° £ (X\D) for all e £ (0, 1]. 

Proof. Take e £ (0, 1]. We start from the inequalities Acp £ + 2eLp £ < 2f and A £ ip £ + 
2etp £ > 2/. Take 7 £ (0, min(|,z/)), and denote by £ 7j£ the operator p 7 (A+2e)(p 7 -), 
so that £ 7i£ (p 7 (p £ ) < 2p 1 f < M for some real constant M. Denote by ip a C°°(X\D) 
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function such that C 1)£ (ip) = M outside a compact subdomain K of X\D; such a ip 
exists according to the proof of Lemma 13.71 provided 7 < ce. Now if A is some big 
enough constant, v := p"V e — ip — A < on dK and £ 7 . e (i> ) < on the complement 
V of K in X\D. We want to deduce from this that v < on V, which would give 
an upper weighted estimate on <p e ; for this we will use arguments similar to those of 
the proof of Lemma 11.131 

Namely, take an exhaustive increasing sequence (U p ) p >q of relatively compact 
open subsets of X\D containing K, and set V p = U P \K for all p, so that V = [J V p . 
Denote for all p by v p the solution of the Dirichlet problem 

C lt e(v) on V p 
v on dK 

on dU p . 

Still following the proof of Lemma I1.13[ we know that it is enough, in order to 
conclude, to show that the v p are nonpositive, and that there exists on HfpHzW ) a 
bound independent of p. Let us deal first with the nonpositivity; fix p. We already 
know that v p is nonpositive on the boundaries of its domain V p ; suppose it is positive 
somewhere in V p , and denote by x G V p a point such that v p (x) = sup Vp v > 0. At 
this point, Av p (x) > 0, whereas 

> C^{v p ){x) = Av p (x) + (2s - - 2 7 ( 7 + l)|f ^ Jv p (x), 

so provided that the parenthesis is > 0, which is the case with our assumption on 7, 
v p (x) < Ao (x)~ AVp{x) \Hn\2 \ < ° ; a contradiction. 

There remains to control H^pllz 2 ^) independently of p. In order to do so, we 
decompose v p as the sum £ p + r] p , where i p \dv v = and C 7t£ (r] p ) = 0, so we are 
done if we control ||£p||z 2 (K,) an d ||?7p||z 2 (K) independently of p. The arguments 
above give rj p < and infy p rj p = mi dVp i] p = xnf dK r] p = mi dK v, so ||^ p ||z 2 (v p ) < 
Vol(K) 1 / 2 ! ini dK v\. 

Finally, an integration by parts gives: 

/ c P c r ^QvcX y =f (2e- 7 2 |f t)Q™r'+ [ KI 2 vor'. 

Jv p Jv p JVp 

Up to reducing the constant c, 2e — 7 2 | — | 2 , > on X\D; moreover we have seen that 
$ Vp Wvor' > ^§J Vp e p vor\ so "j°Q vol-' < ^Uj^AQvor'. Now 
notice that / C^ £ {Q 2 vol^' = / C lt£ {v) 2 vol"' = J v ^(p 7 (A(^ £ + 2e(/? e ) — Af) 2 vol^' < 
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j v ^ D {p y {Aip £ + 2e(p £ ) — M) 2 vol w < +00, since Aip £ + 2e(p £ is bounded and p 7 is 

square integrable as 7 < |, and conclude by using Cauchy-Schwarz inequality. We 
have proved that (p e < Cp" 1 on V, for any 7 £ [0,C£:) and for some C, possibly 
depending on e and 7. 

The reverse inequality A £ (p £ + 2e<p e > 2f gives us near D the weighted lower 
bound (f £ > — Cp -7 for any 7 £ [0, ce), up to reducing c. This is done by working 
with u' £ instead of a/. Nonetheless, we can indeed take c independent of e because 
u)' £ and u/ are mutually bounded independently of e by Corollary 14.81 □ 

The proof of Theorem 13.21 is complete, and this ends the present part. 

5 Uniqueness of constant scalar curvature metrics 

(K[D] ample) 

5.1 Statement of the result 

As an application of both our constructions of approximate geodesies and metrics 
with negative Ricci forms, we shall get to the following result: 

Theorem 5.1 Assume K[D] is ample. If there exists 00' £ VAin such that its scalar 
curvature s(u/) is constant on X\D, then it is unique in VAAq,. 

The proof is the purpose of the next section. For now, we state and show an 
auxiliary result, which will be useful at the end of this demonstration, and which 
also explains the uniqueness stated in the latter theorem. Indeed, it specifies that 
the group of automorphisms of X and tangent to the divisor is discrete, and conse- 
quently why we get a proper uniqueness for a Poincare type Kahler metric on X\D 
with constant scalar curvature, and not only uniqueness up to the action of such 
automorphisms in the connected component of the identity. 

Lemma 5.2 Assume K[D] is ample. Then the space of holomorphic vector fields 
which are L 2 with respect to some Poincare type metric is reduced to 0. 

Proof. Endow X\D with Tian-Yau's Kahler-Einstein metric |TY1| . or more generally 
with any w in any VA4q such that < —cw for some c > 0; in any case, denote 
the metric by u. Let Z be a L?^ holomorphic vector field, which, as such, is in 
r^ c (T 1,0 ). Since u dominates any metric smooth through D, Z is actually smooth 
on the whole X. The rest of the proof is the same as in the compact case; we indeed 
have AJZ|2 = ri Cu) (Z, Z) - 2\V^Z\ 2 < -c\Z\ 2 , so that A^Z^ + \\Z\l < 0. Now 
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the integration by parts 

/ \d\z\l\\or= j \z\l^\z\l™r < -c\\z\\\ t 

J X\D J X\D 

forces \Z\^ to be constant, hence to vanish since then A^ZH = 0. □ 
5.2 Proof of the uniqueness theorem 

This proof follows really closely Chen's proof in |Chet §6] for the compact case, and 
we give here an outline of it for the sake of completeness. 

Let us fix a few notations. We denote by u a metric of VAin such that g w < —cu, 
c > 0, given by Theorem 13. 3[ we consider it as the base-point of VA4n, so that 
Kahler potentials will be computed with respect to this u, i.e. if is a potential 
for uj' G VAin if u>' = u + iddip. Take moreover two metrics ujq and oj\ in VAin 
with constant scalar curvature; we call v T the potential associated to u T such that 
Ix\d VtV °^ UJt = 0, r = 0, 1. Finally we consider the ^-geodesic (t>i)te[o,i] from vq to 
V\ for e > small; thus we have v^. = Vq, t = 0, 1, and if one sets ff := ,^\ m , we 

have vf - \dvf\ 2 = eft for all t G [0, 1] := /. 

Remember that we have on vf and dvf, as well as on \iddvf | , uniform bounds 
on (X\D) x / independent of e. Set E e : t i-> E(v|); according to Proposition II. 6| 

E £ {t)= f \V £ t v £ t \l v£ vo\^t - f es^voT+esVol (20) 

JX\D "* ix\fl 

for all t G /, where T>f stands for V~ e (i. 

5.2.1 A crucial inequality 

We work now with frozen t on the second summand of the right-hand-side of 
(12"0"|) . which we can rewrite as — e f x > D / f e s| volf with the obvious simplifications of 

notations. Since sf = 2A|^| et g| = g u + iddlog(f£), it follows that 
/ / t e s* volf = 2 [ tt( trf(^) - Af log(tf)) volf . 

Now log(/f) G C°°(X\D), so integrating by parts yields J X ^ D / t e Af log(/f) volf = 
Jxvd |^l°g(/^) vol". Thus, (120]) rewrites, after noticing also vol"' = ^y^, integrat- 
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ing on / and dividing by e: 
/ ' vol" dt - 2 

J(X 



'(X\D)x 



i eft 



[ (trfCft,,) - \dhg(f £ )\l t ) vol" = -f Vol 

J(X\D)xI 



because E £ (0) = E £ (l), as our extremities are potentials of constant scalar curvature 
metrics. Use now the inequality < —cu to get: 



(X\D)xI 



\vw t \% 



-l^ + {2ctvl{u) + 2\d\og{r t )\l l ) 
Jt 



vol" dt < -s Vol := C, (21) 



for all e > 0. This inequality, or rather the three inequalities it contains (every 
summand in the bracket is nonnegative), are essential in obtaining the controls of 
the next paragraph. 



5.2.2 LP bounds, weak limits, and conclusion 

Now that we have inequality (}2~Tj) as well as uniform controls independent of e on 
some second-order derivatives of {vf), we can use Chen's computation, and get some 
control on the following objects: w £ := log(/f), Xf := ^dv^, Yf := e~ w ^X £ , for all 
t G /, £ > 0. We can sum up those controls this way: 

Lemma 5.3 (X e ) £>0 is bounded in L 2 (| • \ u ,vo\ u dt), (^ e ) e>0 is bounded in L°°(\ ■ 
\ u , vol w dt) , and (dY e ) £>0 is bounded in L Q (\ ■ \ u , vol w dt) , 1 < q < 2. 

Moreover (w £ ) £> q is bounded in L p (vol w <ii) for all finite p > 1, and (e _u,e ) e>0 is 
bounded in L°° and (dw £ ) £>Q is bounded L 2 (| ■ | u , vol" dt). 

Finally, (e~ wf dX e ) £>Q tends to in the L q {\- | w ,vol w dt) , 1 < q < 2. 

Proof [Chi] , p.225-229. ■ 

We extract subsequences converging in those respective LP spaces and denote 
the limits by replacing the e by 0. This does not lead to some ambiguity, since for 
instance dY° coincides with the weak limit of dY £ . 

We want now to show that dX° = 0, from which we are not so far formally, 
since if everything was smooth we could write dX° = e w - (dY° + dw° <g) Y°) = 0. 
To reach this, we have to make a detour by truncated versions of X°, namely the 
X 0,k '■= ( Sj=o ^r~ )y° defined for k > O.This provides us that dX° = in the sense 
of distributions, i.e. for every if) of the correct type, fr x \D)xi i^ti ^(t)) vo ^ dt = 0. 
From this we pass to the statement that on almost every slice (X\D) x {t}, dX® = 
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0; since the space of holomorphic vector fields is reduced to by Proposition 
E21 X t ° = for those t. Now in an open set of holomorphic coordinates, dvf = 
Y^Tk=i(9t)jk(Xt) k d> z j- The right-hand-side term thus tends weakly to 0, as gf is 
bounded independently of e. Hence dv\ tends weakly to in L^; on the other hand, 
for every e > and at any point, d(v\ — vq) = dvf — 8vq = J* diifdt, hence for all 
(2m — l)-form if) with compact support in X\D, 

[d(vx — v ),ip) — / dvl A if} dt — / dv e t A if) dt = (dvl , ip) , 

JO J(X\D)xI 

where ip(-,t) = if) for all t G [0, 1]. Letting e go to 0, this says that d(v\ — t>o) = 
is the sense of distributions, hence vanishes since it is locally smooth. This implies 
t>o = V\ up to a constant, hence ojq = uj\ (and t>o = v i by normalization). The reader 
is referred to |Chej . p. 229-231, for the details. □ 

References 

[Aub] Th. Aubin, Some nonlinear problems in Riemannian geometry. Springer Monographs in 
Mathematics. Springer- Verlag, Berlin, 1998. 

[Be-Ta] E. D. Bedford, T. A. Taylor, The Dirichlet problem for the complex Monge-Ampere opera- 
tor, Invent. Math. 37 (1976) 1-44. 

[Biq] O. Biquard, Fibres de Higgs et connexions integrables : le cas logarithmique (diviseur lisse). 
Ann. Sci. Ecole Norm. Sup. (4) 30 (1997), no. 1, 41-96. 

[Bio] Z. Blocki, On geodesies in the space of Kahler metrics, prepublication available at the address 
http://gamma.im.uj.edu.pl/~blocki/publ/spkm.pdf 

[CKNS] L. Caffarelli, J.J. Kohn, L. Nirenberg, J. Spruck,, The Dirichlet problem for nonlinear 
second-order elliptic equations. II. Complex Monge-Ampere, and uniformly elliptic, equations. 
Comm. Pure Appl. Math. 38 (1985), no. 2, 209-252. 

[Che] X.X. Chen, The Space of Kahler Metrics, J. Differential Gometry 56 (2000), no. 2, p. 189-234. 

[CT] X.X. Chen, G. Tian, Geometry of Kahler Metrics and Foliations by Holomorphic Discs, Publ. 
Math. Inst. Hautes Etudes Sci. No. 107 (2008), 1-107. 

[Donl] S.K. Donaldson, Scalar curvature and projective embeddings. I, J. Differential Geom. 59 
(2001), no.3, p 479-522. 

[Don2] S.K. Donaldson. Kahler metrics with cone singularities along a divisor . larXiv:1 102.1196. 

[Gaf] M.P. Gaffney, A special Stokes's theorem for complete Riemannian manifolds. Ann. of Math. 
60 no. 2, (1954). 

[Gau] P. Gauduchon, Calabi's extremal metrics: an elementary introduction, lecture notes. 



63 



The space of Poincare type Kahler metrics on the complement of a divisor. 



[GT] D. Gilbarg, N.S. Trudingcr, Elliptic partial differential equations of second order. Second 
edition. Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathe- 
matical Sciences], 224. Springer- Verlag, Berlin, 1983. 

[Gua] B. Guan, The Dirichlet problem for complex Monge-Ampere equations and regularity of the 
pluri-complex Green function. Comm. Anal. Geom. 6 (1998), no. 4, 687-703. 

[Hei] H.J. Hein, On Gravitationnal Instantons, PhD thesis. 

[Joy] D. Joyce, Compact Manifolds with Special Holonomy, Oxford Mathematical Monographs, 
Oxford University Press, 2000. 

[JMR] T. Jeffres, R. Mazzeo, Y. Rubinstein Kahler- Einstein metrics with edge singularities. 
larXiv:1105.5216l 

[LV] L. Lempert, L. Vivas, Geodesies in the space of Kahler metrics, arXiv:1105.2188 

[PS] D. H. Phong, J. Sturm, The Monge-Ampere operator and geodesies in the space of Kahler 
potentials, |arXiv:math .DG / 0504157. 

[RT] J. Ross, R. Thomas, Weighted projective embeddings, stability of orbifolds and constant scalar 
curvature Kahler metrics , arXiv:0907.5214 

[Sem] S. Semmes, Complex Monge-Ampere and symplectic manifolds, Amer. J. Math., 114 (1992), 
no. 3, p. 495-550. 

[Sze] G. Szekelyhidi, Extremal metrics and K-stability (PhD thesis), arXiv:math/0611002. 

[TY1] G. Tian, S.T. Yau, Existence of Kahler- Einstein metrics on complete Kahler manifolds and 
their applications to algebraic geometry. Mathematical aspects of string theory (San Diego, 
Calif., 1986), 574-628, Adv. Ser. Math. Phys., 1, World Sci. Publishing, Singapore, 1987. 

[TY2] G. Tian, S.T. Yau, Complete Kahler manifolds with zero Ricci curvature. I. J. Amer. Math. 
Soc. 3 (1990), no. 3, 579-609. 

[Wu] D. Wu, Kahler- Einstein metrics of negative Ricci curvature on general quasi-projective man- 
ifolds., Comm. Anal. Geom. 16 (2008), no. 2, 395-435. 

[Yau] S.T. Yau, On the Ricci curvature of a compact Kahler manifold and the complex Monge- 
Ampere equation, Comm. Pure Appl. Math. 31 (1978), no. 3, 339-411. 



ECOLE NORMALE SUPERIEURE, UMR 8553 



64 



